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INTRODUCTION.

The extended notion of invariant developed by KLEIN and Lie has become
one of the fundamental concepts of mathematical thought: to every group oy
transformations there corresponds a geometry, or theory of invariants, dealing
with those properties of geometrical or analytical configurations, which are un-
altered by the group.*  Of the theories which are thus possible few have actually
been developed, the most important, of course, being that based upon the total
group of linear transformations, i. e., projective geometry or the ordinary theory
of forms. The theory of other groups also possessing an algebraic invariant
theory has recently received well-deserved consideration, the most prominent
investigator being STUDY, who has applied himself to various important sub-
groups of the general projective group. A remarkable advance in the theory of
such groups has been made by MAURER, who has proved that algebraic forms
possess a complete system of concomitants not merely with respect to the total
group of linear transformations (as had been shown by HiLBERT), but also with
respect to any subgroup, i. e., with respect to any linear group.t

The present paper is concerned with projective geometry upon a non-degenerate
quadric surface, or, more specifically, with

the theory of the algebraic curves upon « proper quadric surface, with
(A)  respect to those properties which are unaltered by the group of collineations
transforming the quadric into iiself.

*KLEIN : Erlanger Programme (1872); Hohere Geometrie (1893).

tOral communication to the writer by Professor HILBERT; MAURER’S paper in the
Miinchner Sitzungsberichte was at the time inaccessible. The method employed by
MAURER is that developed by HILBERT: Ueber die Theorie der algebraischen Formen, Math-
ematische Annalen, vol. 36, pp. 473-534, 1890, the 2 process of p. 525 being generalized.

Whether there are non-linear groups with algebraic invariant theories is still, so far as I know,
an unsettled question.
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When the quadric reduces to a sphere the group of automorphic collineations
has the same effect upon the points of the surface as the group of geometric in-
versions upon the sphere. By inversion of the sphere into a plane the geometry
reduces to

(B)  the inversion geometry of the plane,

so called since its group is generated by the inversions (transformations by recip-
rocal radii vectores) of the plane; this group may also be defined as the totality
of point transformations which leave the family of circles invariant (MoOBIUS
Kreisverwandschaft). The geometries (A) and (B) are equivalent in the gen-
eral analytic sense which implies only the isomorphism of their groups ; further-
more for the invariant methods developed in this paper they are identical.* The
nomenclature employed has reference to the one or to the other geometry accord-
ing as the problem is thus made clearer, but the distinction between them van-
ishes in the algebraic results.

Abstractly, the fundamental group of either (A) or (B) is a mixed six-param-
eter group @, consisting of two continuous systems of transformations G,
H,. These systems are distinguished in the (A) geometry by their effect upon
the two sets of generators, the system G leaving each set invariant, while the
system H interchanges the sets; and similarly in the (B) geometry by their
effect upon the miminal lines or circular points at infinity. The fact that G’ is
a mixed group, renders its invariant theory in some respects more complicated
than that of the continuous subgroup G ; forin the G theory it is not true that
the sum (and @ fortiori an integral function) of concomitants (of course homo-
geneous) is also a concomitant. It is therefore expedient to consider the G’
theory in connection with the G theory.

The principal algebraic methods for treating the geometry (A) or (B) are
based upon the following representations of the fundamental group. In the
quaternary method, tetrahedral or tetracyclic coordinates are employed. The
group G takes the form

1) G : @, = > 7w, (i, k=1, 2, 3, 4),
k

where the transformation coefficients r, satisfy the conditions which express that
the fundamental quadric :

(2) Q=3 pxx, (pix=pri; A= |pu|+0)
i,k
is, except for a factor, transformed into itself—the transformations of G' being

* This does not imply that the geometries are necessarily exactly equivalent; but that the
treatment of (B) by tetracyclic codrdinates coincides with the treatment of (A) by tetrahedral
coordinates, and similarly the treatment of (B) by minimal codrdinates coincides with the treat-
ment of (A) by generator codrdinates.
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distinguished by an additional relation (§ 1). In the double binary method,
parameters N, : A, i, : ,, are introduced in each set of generators or minimal
lines, the group taking the form :

o) G: N =an + b\, M =c\ +dN; p = ap, + By, =y, + Ou,.
H: N =ap, + buy, N, = cp, + dp,; py = ar + By, py =\, + O\,
In the latter coordinate system, the general algebraic curve C,, , upon the quadric
is represented by an equation of the form :

Bt Ay py i) =0,
where m , n are the partial orders of the curve and indicate the number of points
in which it cuts the two sets of generators. The correspondence between the
curves and the double binary forms is unique; so that the (A) geometry is ade-
quately represented by

the theory of double binary forms with respect to independent linear

(C)  transformations of the variables, and also with respect to the inter-
change of the variables.

This theory in connection with the (A) geometry is considered in chapter IIL.

In the quaternary representation, this unique correspondence between the
curves and the forms does not exist. The general curve C,, , (where say
n=m + k, k=0) requires, for its complete representation, £ + 1 quaternary
forms in point codrdinates, each of degree n:

‘fl,f;, ...ﬁ+l.

These k& + 1 forms are however not unique (unless m = n = 1) ; they may be
any & + 1 linearly independent members of the linear system :

vlfl + vzfz"' + Vk+1fk+1 + MQ’

where v, - .-y, are constants, and M is an arbitrary form of degreen — 2. It
is necessary then to distinguish the quaternary theory of the (A) geometry, from

(D) the theory of quaternary forms with respect to the groups G, G'.

The foundations for this latter theory have been given by StupY,* whose start-
ing point is systems of linear forms, and final result the relation of (D) to

the theory of systems of quaternary forms including a quadric, with respect
(E) to the general linear group T, .

*8TUDY, Ueber die Invarianten der projectiven Gruppe einer quadratishen Mannigfaltighkeit von
nicht verschwindender Discriminante, Leipziger Berichte, vol. 49, pp. 443-461, 1897. This
paper will be referred to hereafter simply by the name of the author.
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In the present paper the theory of the forms, i.e. (D), (E), is considered
only in so far as the results are necessary for the theory of the curves, i. e. (A),
(B). The treatment of (D) in §1 is not to be understood as complete, for in it
STuDpY’s relation between (D) and (E)is assumed. The theory of the curves is
taken up in §$4, 4, the former considering the simplest (though most im-
portant) class, i. e., the complete intersection or equi-ordinal curves (for which
k = 0); while the latter, with less development, treats the general curve. The
final result of the quaternary method (chapter I) is the reduction of (A) to (E).

The relations between the two methods for treating the (A) or (B) geometry
in the case of complete intersection curves—or more explicitly the relations be-
tween (C) on the one hand, and (D), (E) on the other—form the subject of
chapter IV. The relations are of interest not merely for the (4) geometry, but
also for the abstract theory of forms: they lead to principles of transference
(Uebertragungsprincip) connecting the theories of quaternary and double binary
forms, similar to LINDEMANN’S relations between ternary and simple binary
forms. * The remaining general theory is contained in chapter VI ; the methods
there considered may be regarded as variations of the (C) method. In the ap-
plications, the (B) terminology is used almost exclusively, the special curves
treated being the circles (chapter II) and the cyclics or bicircular quarties
(chapter V).

CHAPTER L

THE QUATERNARY METHOD.

§1. Quaternary forms with respect to the groups G and G'.—Each transfor-
mation ¢’ :
;= ; Tiar s

of the group G, reproduces the fundamental quadric:

Q=p: (A=lpix |+ 0),
except for a factor D, ; so that
Z Pilia" g
1) Lp—‘=D”' (a, B=1, 2, 3, 4).
ap

The transformation discriminant D,, is closely related to the transformation de-
terminant 8 = |r,|, the former arising in the decomposition of the latter as fol-
lows :

ik| )

* LINDEMANN, Sur une représentation géométrique des covariantes des formes binaires, Bulletin
Société Mathématique de France, vol. 5, pp. 113-126, 1876 ; vol. 6, pp. 195-207, 1877.
Cf. Mathematische Annalen, vol. 23, pp. 111-142, 1884.
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|pik| ’ Irik[ = |lik| , where ;= Zn:trw;
and

|lia - [raa] = [maa]
where | |Tir x|

My = ; lpi"p; = zﬂ:paﬁrairﬂk = Dpy,
from (1). Therefore

AS = AD*,

or

§ ==+ D2,

- the positive sign characterising the proper, and the negative the improper trans-
formations ; so that we have

@) §,=D, 8 =—D:.

In the theory of the concomitants of quaternary forms with respect to the
groups (@ and G’,—i. e., of those rational integral functions of the coefficients
and variables which are unaltered (except for a factor independent of the coeffi-
cients and variables) by transformations ¢ and ¢’ , respectively,—the preceding
formulz are fundamental. Considering for simplicity the invariants of a single

form
f=a,
we have for a @ invariant I,
3) I(a)=¢,(r)I(a),
and for a G’ invariant
4) I(a) = ¢, (@), I(a,)=¢,()(a),

where a,, @, represent the coefficients of the transformed form, and ¢ is inde-
pendent of the a’s. The inverse of ¢ and % being also members of G and H,

10)=9,(3 ) Za). Za=4,(5) 1o,

where £, is the minor of ,, in 8 = |r,|; therefore in both cases

¢(7‘)¢) <§> =1 or ¢()’)¢(R) = & = 4+ D* 9
from (2). The discriminant D) being irreducible, ¢(r) is of the form cD*, say
¢, =cD¥, ¢, =cDy.
The laws of combination of the transformations ¢ and 4 give

2 __ _ 2 __ . — —
=c¢,cC=¢,ct=c; or ¢=1,c¢,==+1.

Trans. Am. Math. Soc. 29
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For a G invariant the transformation factor is a power of the discriminant D*.
For a G’ invariant the factor produced by the transformations g is D*, while that
produced by h may be either D* or — D*, thus creating a division of the G
invariants into even and odd.

The theory of G’ and G’ invariants is closely related to the ordinary theory
of forms, the connection being expressed in the following theorems.

1°.—Every projective invariant T, of

Q=rp., f=a,
is a G inwariant of f.
Representing the general transformation of the projective group I'), by v,
we have by assumption,
T(a,, p,) =&T(a, p),

where A is the weight of 7. Therefore
T(ag’ ) .pg’) = T(ag' ? 'Dy'p) = 81);' T(a ) _p) ’
. 3, s
T(a,, p)= ﬁ% T(a, p)== D +T(ap),
gl

w being the degree of 7" in the p’s. Considered as a G invariant, 7" is even
or odd according as its weight A is even or odd. '

2°.—Every sum 3¢ p)T;, where the ¢’s are arbitrary functions and the T’s
are all of the same degree in the a’s, is a G invariant ; if, in addition, the weights
of the T’s are either all even or all odd, the sum is ¢ G’ invariant.

This follows from 1° and from the fact that the exponent v, of the transforma-
tion factor &= D due to each term of the sum, depends only upon the degree in
the a’s, while the sign depends only upon whether the weight is even or odd.

The converse of 2° has in substance been proved by STUDY * in the paper
already cited. This converse is

8°.—Every G invariant can be expressed in the form 3¢ p)T;, the T’s being
all of the same degree in the ’s ; in addition, for a G invariant the weights of the
T’s will be either all even or all odd.

Relations between the complete systems of concomitants for the (D) and
(E) theories of the introduction, follow directly from these theorems. A4 com-
plete T system, i. e., a system 7, T,, --. such that every 7' can be written
T=R(T, T,, --.),where R is a rational integral function with numerical
coefficients,—is also a complete G system, i. e., every G can be written
G = RP(T1 , T,, --), where Rp is a rational integral function with coefficients
which may involve the p’s. More generally, a system 7, 7, - -- such that every
T can be written 7' = RP( T, T, ---)isacomplete G system ; conversely, from

*Leipziger Berichte, vol. 49, p. 458.
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every complete (F system a system of 7”s can be derived with the property ex-
pressed by 7' = RP(T1 s Tyy -+0).

§2. Systems of quaternary forms containing a quadric, with respect to the
general projective group T',,.—The simplicity of the theory of systems of forms
containing a quadric, arises from the possibility of a reduction, peculiar to them,
of contragrediency to cogrediency.*

In the first place the original system S, containing a quadric and forms in any
number of point and plane coordinates, may be replaced by another system S’, con-
taining only point coordinates.  For simplicity consider only one set of point
coordinates x, and one of plane coordinates «. Let the system S be

S Q=1p, f=a, ¢=u}, x="01;.
By the substitution U =P.p,s
this becomes

S Qs o b =p.pe--- PP, p BTV = A
X =05 i, 2 = BB
which in turn, by the substitution

Y= Pup,
becomes

S Q ) f’ ¢- = AP ce -AP('"—I)“P + e Upm—1) = Am(;b )
1Y =
X="0/Bp- Bps—vUp -+ tups—1) = A% .

The system .S’ is composed of concomitants of S, and the system S, of con-
comitants of S’ ; therefore every concomitant of S’ is a concomitant of S, and
every concomitant of S| is a concomitant of §’. Again, since S|, except for
powers of A, coincides with .S, every concomitant of S, multiplied by a suitable
power of A, is a concomitant of S, and therefore also of §’. If then we re-
gard the discriminant A, of the quadric ), as a number, the systems S and §’
are equivalent.

In the second place, if’ again we regard A as a number, it is sufficient, in
the study of complete form systems, to consider only in- and covariants. For,
. disregarding powers of A, by the substitution

Uy =P Py

the totality of contravariants passes over into the totality of covariants; and
mixed concomitants (i. e., those involving both point and plane cobrdinates)
become covariants in two or more sets of congredient variables.

*STUDY, pp. 458, 459 gives this reduction for the (D) theory ; in the above the starting point
is the (E) theory. Cf. the introduction.
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§ 3. The apolar surface.—Consider the curve of intersection of the quadric
@ =0, and the n-ic /= 0. Of the totality of n-ic surfaces which pass through
the curve, and which are therefore represented by

) M+ MQ=0

(A being a constant and M an arbitrary form of degree n — 2), there is one
which is of special importance in the theory of the curve, i. e., that one which is
apolar to () considered as a class quadric,

Q=up=Hpp'p'w)

A surface is apolar to ¢ when all its polar quadrics are harmonically circum-
scribed with respect to ), i. e., when every polar quadric is circumseribed about
an infinity of tetrahedra which are self-polar with respect to ¢).* The covariant

o
n—2
8§ = dpa;™ =2 Pu ox0x,’
equated to zero, gives the locus of points whose polar quadrics are harmonic to
Q : its identical vanishing is therefore the necessary and sufficient condition for
the apolarity of fand (). -
If = )\f+ MQ is apolar to @,
32
* doe 0%, "

It is necessary now to calculate Q(M Q). We have

(3) QF =0, where Q=) P,

*rM (?ZQ 3Q oM BQ oM
3wi9wk( Q=20 dx 0, + o du, + %a, o, O, " O, Ou,’
or
0 3M
QMQ) = QUM+ MQQ + 2 P, 39?: PP
but
QQ = 22:131.,491.,c = 8A,
and
oM HQ
ZPM%I: o, —22 za ZPM’.:
oM
= 2(n— 2)AM.

* REYE, Ueber Algebraischen Flichen die zu einander Apolar sind, Crelle, vol. 79, pp. 159-175,
1874,
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Introducing these values, we have
€)) QUMQ) = QOM + 4nAM,
and by repeated application,

Q(MQ) = QQ*M + 8(n — 1)AQM,

QNMQ) = QO'M + 4h(n— h + 1)AQ' M.
From (2) and (3),

F=x+ MQ,
Qf + QO M+ 4nAM =0,

) QF + QUM + 8(n — 1AM = 0,

QY + QUM + 4h(n — b+ DAY ' M = 0.
Multiplying these equations (5) by

. _ 9 ¢
’ 4.0’ 4-8-n(n—1)’ ’

respectively, adding and putting A = A” (where » is the greatest integer contained
in n/2), we have the required determination,

Feaf—7 an+%ggf_
(6)
; a° Q
+(=1) v!-n(n—l)o-—(n—v-i-l)él—"ﬂf'

From its definition # is a covariant of f and ; to put this in evidence we
may express it symbolically as follows: *

v v n(n - 1) v— n—=2 ( 3)
$F = doa = ST AT Qb g
)

A2 QPatal @t —

ne--(n—2r+1 ,
+(—1)"1 —— (n_vll)NQ”a;»ai, cos @@

This determination proves that there is one and only one surface F'= 0,
which passes through the curve and is apolar to the quadric. }

* The corresponding ternary (and » dimensional) problem can be treated in the same way ;
it has been considered by a different method by LINDEMANN, Bulletin Société Mathé-
matique de France, vol. 6, pp. 195-207, 1877.

1 This and a more general theorem is given by STUDY, Ueber quadratischen Formen und Linien
complexe, Leipziger Berichte, vol. 49, p. 174, 1890.
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§ 4. Equi-ordinal * or complete intersection curves on a quadric with reference
to G and G'.—The theory of the curve

S=0, @=0,

on the fundamental quadric, with reference to G' and G (or, what is equivalent,
the inversion theory of the curve whose equation in tetracyclic codrdinates
connected by the quadratic equation @ =0, is /= 0), is obviously not iden-
tical with the theory of the form f, since the latter is not completely determined
by the curve. It is necessary then to define what is meant by a concomitant of
the curve :

A G (or G') concomitant of the CURVE f= 0, is a “special” 1+ G (or Q)
concomitant of the FORM f= 0, i. e., @ concomitant I, with the property expressed
by the equation :

I;\f+MQ = ‘!’I, )

where r is independent of the coefficients and variables involved in I,.
1°. The apolar form:

Av—l _
F=Aff—ﬁ§9f+---=A”f+MQ

is a “special ” covariant of f.

For'from (6) § 8, we have F(Af + MQ) =2\F'.

2°. Every concomitant of ' is a ¢ special ” concomitant of f.
Since 7 is a concomitant of #' it is also a concomitant of f:

I,—

N

Again, T is “special.” For, putting f'= \f + MQ,
I_.;'/ =dp = L\p = XKI = KKTJ .

3°. Every « special ” concomitant of f is a concomitant of 7"
By assumption,

Lyye=1;

therefore
I,=+v'1,
7, ,
-I.-f —1 ;\P.,_If= I.I".

*Cf. 410 ; the general curves are considered in § 4.

[t September 28, 1900. Cf. H. S. WHITE’S definition of semi-combinant in his paper, Semi-
combinants as concomitants of affiliants, American Journal of Mathematics, vol. 17, pp.
234-265, 1895. The form F of the text is a special affiliant. The theorems 1°, 2°, 3°, relating
to G concomitants, together with their proofs, are almost identical with corresponding theorems
for T semi-combinants given in the same paper ; in fact the former may be regarded as merely
special cases of the latter.]
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From these results we obtain the theorem :

The G (or G') concomitants of the curve* f=0 coincide with the G (or G)
concomatants of the apolar form F.+

This theorem, in connection with the results of §1, reduces the problem of
finding the G or G’ concomitants of the curve, to the ordinary theory of forms.

§4'. The general curve.—In the preceding section only those curves were
considered which can be defined by one quaternary form in point codrdinates; or,
in the nomenclature of § 10, only equi-ordinal curves. A purely quaternary
method for treating @l algebraic curves is suggested in the following.

The general algebraic curve €, on the fundamental quadric ¢), whose partial
orders (§10) are m and n (where n = m + k, k = 0), may be defined by % + 1
quaternary forms of order 7,

fl’f;’ “'fk+1’

which represent &£ + 1 linearly independent n-ic surfaces through the curve.
The totality of n-ic surfaces passing through the curve forms the linear system :

S = ”1fl+ "2f2+ R ”k+1f;.-+1+MQ’
where v, .- - v

w1 are arbitrary constants and M is an arbitrary form of order
n — 2. The definition given in §4 may be thus generalized :
g 3 Yy g

* By the curve f=20, is meant either the plane curve whose equation in tetracyclic cotr-
dinates connected by the identity @ =0, is f=0; or the space curve upon the quadric
Q =0, cut out by the surface f=20.

t The apolar form F corresponding to the general curve f =0, is not the general form of de-
gree n : the relation of F to Q causes a certain covariant of degree 10 (n—4) to vanish iden-
tically. This covariant may be expressed as a determinant of the tenth order :

= | (1111) (1112) (1113) (1114) (1122) (1123) (1124) (1133) (1134) (1144)|

(4411) (4412) (4413) (4414) (4422) (4423) (4424) (4433) (4434) (4444) |

1 *f
n(n—1)(n—2)(n—3) 0z:0xx0x:0wm
The symbolic expression for this covariant given by LINDEMANN, Mathematische Annalen,
vol. 23, pp. 136, 137, is incorrect ; the correct expression requires the solution of the hitherto
unsolved problem of the symbolic quadric through ten points.
1 A second definition applicable to all curves, but which is not a generalization of that given
in § 4, is obtained by starting from the tangential equation

6= ufmn =0 ,
of the curve Cn; or, what is equivalent, from the reciprocal of ¢ with respect to @,
$ EP,P; e pg2mn-—1)p1p; e p;Zmn—l) .

(The surface $ =0 cuts the fundamental quadric Q in the curve Cn, counted twice, and in
those generators of @ which are tangent to Cmn ). This representation suggests the definition :
the G (or G') concomitants of the curve Cmy are the G (or Q') concomitants of the quaternary form ¢;
or, (what i3 equivalent except for powers of A), of the form ¢. Concomitants as here defined are also
concomitants as defined in the text, but the converse is not true.

where
(iklm) =
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A G (or Q') concomitant of the curve C,, is a G (or Q') concomitant I of
the forms f, f}» + + - Jrsr» which possesses the property defined by the equation :

I+ M Q, 2Vf+ M'Q, - ) =VLf1s 155 )
where \r is independent of the coefficients and variables involved in I( f,, f,---).
When the curve is equi-ordinal, this definition reduces to that given in § 4.
The fundamental theorem for the concomitants of the general curve is:
The G (or G') concomitants of the curve C, , are the G (or G") combi-
nants (that is, concomitants with the combinant property) of the apolar forms

F,...F_,, corresponding to fi, -+ fii1-

CHAPTER II.

CoNcOMITANTS OF CIRCLES.

§ 5. Quaternary system.—Let the equations of any number of circles, in
tetracyclic coordinates connected by the identity

Q= Zpikwiwk =0,
f; = 'Alwl -+ A2w2 “+ A3w3 “+ A4oc4= 0, ‘
1) Jo=B@ + Bx,+ Bx, 4+ Bx,=0,
Sfi=Cx + Cp, + Ca, + Ca, =0, ete.

be

The complete system of inversion concomitants may be derived, by the method
of the preceding chapter,* from the projective study of the form system

S: Q=pi, -f;.=Ax’ ‘/;=Bx,...,
the discriminant (of the fundamental quadric )
A= (ppPp")
being regarded as a mere number. With this last proviso, the system § is
equivalent to the system

S': Q=ut=1(pppw? fi=A4, f,=DB, -,
the proof being similar to that given in §2 for the equivalence of the systems
there denoted by the same letters Sand §’.

Invariants of the system S’ may be considered as concomitants in several
sets of cogredient variables 4, B, -.- of the single form : we may there-

*In the case of circles, the concomitants of the forms (4 1), and the concomitants of the
ourves (¢ 4), coincide, so that no reduction by apolarity is necessary (from §3, F=A-f).
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fore apply a method of CLEBSCH,* by which the concomitants in several sets of
cogredient variables are deduced from identical concomitants and polars of con-
comitants in one set of variables. The invariants are thus found to be of only
two types:
ApB, (including the type A%),
and
(ABCD).
The contravariants, being invariants of S" and an additional circle, are

uyp, Apup, (ABCD);
and the covariants, by the second principle of §2, are

4., (ABCp)p, .

Collecting the preceding results one concludes :

Every G or G' concomitant of the n linear forms f,, f,, +++, f,, that is,
every inversion concomitant of the n corresponding circles, is a rational integral
Junction (the coefficients of which may involve the quantities p,) of the fol-
lowing concomitants : +

1
n(—ng:——) invariants of the type I ,= ApBp,

(Z) « « « o« g =(ABCD),
n covariants ¢« ¢« « h=4,,
(5« << < pu-BoR,
n contrqvariants of the type F\ = Apup, |
(g) « « « « @ —(ABCu),
and the identical contravariant Q=up.

The non-symbolic expressions for these forms, in the case of the orthogonal
system of tetracyclic coordinates (Q = Y o), are

Ji= ZAf’ci’ F = Z‘Aiui’ 1,= Z'Ai‘Bi )
Kyp=(ABCD), gyu=(ABCY), Gy= (ABCW).

* CLEBSCH, Ueber ein fundamentale Aufgabe der Invariantentheorie, Gottingen Abhand-
lungen, vol. 17, p. 39, 1872.

T These (or rather equivalent) forms are determined directly by STUDY (p. 443 fI.), i. e.,
without passing to the ordinary theory of invariants ; the same is true of the quaternary syzy-
giesof § 7.
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§ 6. Binary system.—In minimal coordinates* A, w, the equation of a
circle is
M + @\ + Gyp + @y = 0,

or in homogeneous form,
«f‘l = allxlﬂl + al2xllll2 + a21x2/"'l + a22x2#2 = O ¢

A circle is therefore represented by a binary bilinear form with non-cogredient
variables. Such forms have been studied by PeEanxo.t If the = circles be
represented by the symbols of their bilinear forms,

‘fj.[=a)\ap,7 .f;=b)\ "o .f;=c)\7y.’ R

their complete binary system is composed of the following forms :

n of type f, = aa,,
nooe B = (an)ep),
n(n 4+ 1
MAD L, = (@),

(3) Eum @B — ()ed ) (8E),
1) “ Jzs = (ac)(aB)byy, — (ab)(@v)c\B, »
G = (aN@BYEr)op) — (@) am)(er)Bo),
“ Ly, =(aBad,,

“ J’[u = (ab)a“,B# ’

AN TN TN /N
H o3 3 w3 ws3

N N N N

“« Q@ =()pe)s

where the variable circle occurring in the contravariants is » A w, + r A\ p, +
Pyolhy + Py hoph, = 7,p, = 7,p, . This system may be deduced by Prano’s di
rect method ; it may also be obtained (except for Z and M) by a transforma-
tion of the quaternary results of § 5. (Cf. chapter IV.)

* These are discussed in § 10. The simplest element in these coirdinates is not the circle, but
the minimal line, whose equation is of the form a,%, + a,4, =0, or a4, + au, =0. Thecom-
plete system of any number of such lines ax, b, - -, @u, By - -, consists of the forms themselves
and of the invariants (ab), (af), ete.

1t PEANO, Formazioni invariantive della correspondenza, Giornale di Matematiche, vol.
20, pp. 81-88, 1882.
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The non-symbolic values of the concomitants (1) are
Si= e+ e\ py + Mg+ apop,,
F, 1= @y Ty — QuTy — Gy Ty + Uy Ty,

1L, =20, ay, — 20y, a,, L,=a,b,— a,b,; — ayb,+ ayb,,

}an Gy Ay Oy Ay Qg Ay Oy
1
) by by by by G by, b, b, b,
1234 — ’ 123 = ’
Cn G Gy Cy Ch G Gy Cp
dy, d, d, dy ™M T Ta Te
1 g Ty )
b
1 12 21 22 —
Gr3 = y @Q=2ryry—2ryy,
‘n Ciz Ca Cos

Aty — Aoty — A, A,
L, = (a,b,— a,b, A} + (a,,0,, — 0,0, + @0, — @0 NN+ (05,0, — @,,0,)A2,
M, = (a,b, — a,b,)p} + (a0, — b+ @10, — Wy0b, ity + (31505 — @b )M, -
§T. Syzygies in the preceding systems.—A series of simple considerations
shows that the systems given in §§1, 2, are not only complete, but also irre-

ducible ; however the members of the systems are not independent. For the
quaternary system the relations among the invariants are*

'Z;.a.' ];B ’ ‘Iay’ I;;S’
L., L, L. I,
(1) AaKaﬂysKa’B'y's' = ; ;ﬂ ;7 ;s 9
ya! ¥8/’ v/ y8’
1-80.’ '[85’ 'I-Sy’ ‘[88’
(2) Iia'&y&e + Lﬂ E"-ySea. + Iiy‘K—Seaﬂ + 'Z;ISK«:B‘V + I’-ie'Kaﬁys =0 M

The relation (1) is proved by decomposing the right hand member, after sub-
stituting the symbolic values given in §5, as follows :

A, A, A, B, A,C, A,D,
By Ah BpBs BpCh BpDj

*SrtUDY, 1. 0., p. 444, gives relations equivalent to (1) and (2), and also proves that they form
the complete system of syzygies.
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= AP.BPr OPNDPI” .A.;) B} 0}’) 'D,’P
4, B, G D

=qg|4r Bp Cp Dp|-|4; B Cp D;
Apl ‘BP’ CP’ -DP’ A;)/ B})/ 01,)/ -D;n

|

= 4(ABCD)A'B'C'D'Y(PP P'P")
=AYABCD)A'B'C'D’).
The relation (2) is proved by rewriting the first member as follows :
. Fpld; B, C. D; E
A, B, C, D E,

|
4, B, C, D, E;

The relations among the remaining forms of the quaternary system are of the
same two types. Only a few, which are to be employed later, will here be writ-
ten out.

In (1) let f; and f;, be the same degenerate circle, i. e., point circle ; then
I ’ I;gr 'Ic'ry' J‘;

3 Lo Ly Ly /i
(3) A 9aﬂyga.’5"y’ = I I I .
ya' 8/ vy’ fy
f;/ fﬂl jy/ 0
Again, let f; in (2) become a point; then
(4) -ﬂ‘K—Byse +fﬂ‘KyBea +.f;KvSeaB +f8'Kea.By +fe‘KvaB-y$ = 0‘
Another important syzygy among the invariants is
I;a’ 'I:l.p ’ 'I;.y' ‘I;.S’ I:u 4
IBa’ IBB’ IBY’ Iﬂs’ IBE’
®) Lo Lg I, I, I./=0,
L, Iy Ly, Iy, I
‘[sa.’ ’Ieﬂ' ‘[ey' ];8’ ‘I;e' [
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which is however not distinct from (1) and (2), for the above determinant may

be written :
AK,gryrsr (L oKgyse + Lorg Koo + -+ ) -

The above relations apply also to the binary system, if in them we put A =1
in addition,*

- 2LaB'M;8 = Iayfs.f:s - Lsfﬁfy - 1;3yfufs + J;ssfafy +fygasa —fagsys .

§8. Geometric interpretations.t—Two systems of concomitants of -circles
have been given in §§ 6, 7. The first applies also to a quadric and a set of
planes, the second also to a set of binary homographies in which the carriers are
not regarded as superposed: for each of these points of view there is a corre-
sponding geometric interpretation which will not, however, be given here.

If then only circles in the plane be considered, the interpretations of the van-
ishing of the concomitants are as follows :

J1 =0, represents a circle; and

F =0, the linear complex of circles orthogonal to f;.

I, = 0, is the condition for the degeneration of the circle f; and
I, =0, is the condition for the orthogonality of f; and f,.

K, =0, is the condition that the four circles £, , f;, f;, f; belong to a
linear system, i. e., have a common orthogonal circle.

13 = 0, represents the circle orthogonal to f,, f,, f;; and
G, = 0, represents the linear complex orthogonal to g,,, .

Q = 0, represents the quadratic complex consisting of all the degenerate
circles of the plane.

The preceding forms are common to both systems; in the binary system we .

have, in addition, Z,,, M,,, which represent the pairs of minimal lines of each

series through the intersections of f, and f,.
All invariant relations of circles must be representable through the above

concomitants ; some examples will now be considered.

* PEANO, 1. c.

1 On the geometry of circles see STUDY, Das Apollonische Problem, Mathematische An-
nalen, vol. 49, 1897.

MGoBIUS, Kreisverwandschaft, Werke, vol. II, 1852.

LORIA, Geometria della sfera, Memorie Accademia Torino, vol. 36, 1885.

LACHLAN, Philosophical Transactions of the Royal Society, 1886.
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The condition for the tangency of two circles f,, f; is

LI
LoL|
and the condition that three circles f;, f,, f;, have a common point is
I, 1, I,
I, I, I,/=0.
Iy 1, I

These are combinants applying equally to any two or three members of the
linear systems ¢/, + 4,/;, t.J, + G,/ + t./;, respectively.

The circles cutting f,, f; in four points whose anharmonic ratio is a, are
given by

a+1\' (Lo — FFy
(:51) = o e =75

the harmonic circles (i. e., a = — 1) being
I, —FF,=0.

As an application, let it be required to find the equation, in invariant form, of
the cyclic curve* through eight given points+. The circle through the points
1,2,8,is g, = 0; the system of circles through six of the points is therefore :

091239456 T 091249356 T 6391259 36 = 0.

If we impose the conditions for the curve going through the remaining two
points, and eliminate ¢, ¢,, ¢,, the required cyclic is found to be

9123 9456 G124 9356 9125 9356
K. K K. K K. K, | =0.

1237774567 1247773567 1257773467
I(vl238K4568 '[{12481{3568 1(12581(3468

§ 9. Absolute invariants.—Two circles have a single absolute invariant :

2
C,=-+2 =cos’0
12 129
1,1,

* Otherwise bicircular biquadratic.

1 Points may be considered as degenerate circles, so that the concomitants apply also to sets
of points. The condition that two points lie on a minimal line is I;, = 0 ; the condition that
four points are cocircular is K;;3, = 0 ; etc.
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where 6, is the angle of the circles. All the absolute invariants of any number
of circles are functions of the quantities

Ly,
FTLI,
0., denoting the angle of the circles f;, f,; but not every rational absolute in-
variant is a rational function of the C;’s. To obtain systems of absolute in-
variants possessing the latter property—which systems may be called complete
rational systems—it is necessary to introduce the absolute invariants

II, Ky,
o ZETkm g dkm
@ Dun= 7,1, Pum=TI,

C;

= cos?0,,,

Every rational absolute invariant of any number of circles, with respect to the
mized inversion group G, is a rational function of the quantities Dy, ; with
respect to the continuous inversion group G, every rational absolute invariant is a
rational function of the quantities E,,, .

Consider now the case where the circles reduce to points. Four points
P P,P.P, have two absolute invariants

(2) a=D

ey B=D
which completely characterize their invariant properties with respect to the group
G’. With respect to the group G, the simplest absolute invariants present
themselves only in the minimal system of coordinates. Let the codrdinates of
P, be a,, b,; then the fundamental absolute invariants of the four points are
— — b, — b,)(b,—b,)
3 o= (al a3)(a2 a4) , T = ( 1 3 2 4 .
® @ =a)a,—a) " G=b)b—b)
The relations between (2) and (8) are
a=o7r, B=1—-0o)(1—-1).

If the points be taken in all possible orders, six distinct pairs of values for a,
B and o, 7 are found :

1324

1234 : a, B; g, T;
1324 : B, a; l—0o,1—r1;

1243 ; 18, 11

A H a, a’ o’ 'T,

1 a 1 1
4) 1842 : 3 8’ PO gl
1428 : g1 o—1 71
) a’a’ ac ’

a 1 c T

1432 : B, B’ o—1’71 1
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With respect to either group G or G, the general set of four points is equiva-
lent to itself in four ways. The “special” sets, i. e., those which are equivalent
to themselves in more than four ways,* are as follows :

First, as to the group G :

1°. 6,7=0,0 or 1,1 or », w; equivalent to itself in 8 ways. This is
the coincident set.

2°. o, 7=—1,—1or2,2o0r},1; equivalent to itself in 8 ways. This
is the harmonic set.
3. 0, T=w,1l—wor1l—w,» where o= —1; 12 ways. This is the

equianharmonic set.
4°. o, 7=%,00r 2,0 or —1,1; 8 ways.
5°. o, r=w,l —w or 1 — w, ® where 0®* = — 1; 12 ways.
Second, as to the group G':
A.a,B=1,ro0orr,1or1/x,1/n where A = 1; 8 ways. This includes
cases 1° (for which A = 0) and 2° (for which A = 4).
B. a,B8=1,1; 24 ways. This coincides with case 3°.
C.a,8B=0,—1or —1,0o0r o, o; 8 ways. This coincides with case 4°.
D.a,B=¢, €or e, ewhere € = 1; 12 ways. This coincides with case 5°.
The geometrical definitions and properties of these special sets present con-
siderable interest, but will not be given here.

CHAPTER III.
TaE BiNarRY METHOD.

§ 10. Minimal cosrdinates—In the system discussed in Chapter I (tetracyclic
coordinates in the plane, or tetrahedral in space), not every algebraic curve can
be represented by a single equation in connection with the identity ; for such an
equation represents a curve cutting the minimal lines (or generators) of each
system in the same number of points.f Calling the numbers which indicate how
many times the lines of the two systems cut an (algebraic) curve, the partial
orders of the curve, we see that the quaternary theory as developed in §4 is
restricted to the domain of ¢ equi-ordinal ” curves.} '

* It is to be noticed that this is not identical with the statement that the points admit more
than four automorphic transformations : the text classification is based on the number of equiva-
lences, not on the number of transformations. (In a classification based upon the latter, the cocir-
cular set of four points would count as special, since such a set admits eight tranformations.)

1 Conversely, every equi-ordinal curve can be represented by a single tetracyclic equation.
For the general theory see KLEIN, Ein liniengeometrischen Satz, Gottingen Nachrichten,
1872; or Mathematische Annalen, vol. 22, pp. 234-241, 1882.

1 This is not a necessary restriction of the system of tetracyclic codrdinates, but only of the
apolar method developed in 3 4. Cf. § 4/, for curves whose partial orders are unequal.
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This limitation is removed more conveniently than in § 4" by the use of what
may be termed the minimal system of coordinates.* In this, a point is determined
by two codrdinates A, u, the parameters of the pair of minimal lines (or genera-
tors) through the point—the parameters being ordinary projective codrdinates
in the minimal pencils (or hyperpencils of generators). Instead of A, u, we may
introduce two pairs of homogeneous coordinates A : A, and u, : p,.

A curve whose partial orders are m, n, is represented by an equation

J(A, p)=0, of degree m in A and degree n in w. Introducing the homo-
geneous coordinates, the equation of the general algebraic curve may be written

» m n .
@) S=T0 N py ) = ;;(71/) (k)ahk)»f'_hxgﬂi"kﬂﬁ =0,

k and % varying from 0 to 7 and from 0 to n respectively. Symbolically, we
may write

(2) f= aZLa';:b;‘”BZ:---,
where the symbols have real meaning only in the combinations :

m—h gk n—k k __ pm—hphQn—kRQk __ .. —
a; "a,a, a’Z_bl 62'81 Bz—' = Uy, -

The inversion group G/; in the present codrdinates takes the form :

G _aA+b _ap+ B

67 T en+d’ T yp 487

@ + A+ B
ap a

e L=va M=ngs

In the present chapter, however, attention will be restricted  to the continu-
ous group (7, which may also be written

4) Gsz L1=a7\'1+bx2’ L2=C)‘1+d7\2’ ]l[l=a'"’1+/8/"2’ 'Zl[2='yl“'1+ 81"’2'

§ 11. Double binary forms.—From (2) and (4) we have:

The invariant theory of curves for the group G, is equivalent to the theory of
double binary forms whose variables undergo independent linear transformations.

The theory of double binary forms in which the variables undergo the same
linear transformation, may be regarded as completely known ; for we may pass

* The system is fixed by three base points P’P"”P"’: denoting the corresponding minimal lines
by L'L"L""M'M"M", the codrdinates of a point P are the anharmonic ratios 2 = (LL'L"L"),
u=(MM'M"M"). Ithas a theoretic advantage over the tetracyclic system, in that it intro-
duces only invariant elements in its definition.

T See ¢ 21 for the group G'.

Trans. Am. Math. Soc. 30
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from the consideration of such forms, immediately to an equivalent system of
simple binary forms. In fact the concomitants of the form 77s (where 2 and
y are cogredient), are the concomitants of the set : *

s syt (e,

‘Where, however, the variables, as in a@}a},, are not cogredient, but undergo
distinet transformations, the theory is not so simple; methods, analagous to
those for simple binary forms, have been developed by PEaNO and GoORDAN f
for determining the concomitants, and it has been proved that their totality may
be represented by a complete system. In the following sections a geometric
basis is given to these methods, principally by the consideration of the polar
theory of the forms and curves.

§ 12. Polar theory of the general curve C, , .—The double binary form
L)

f=aya;,

equated to zero, represents a curve cutting each A-line in n points, and each u-line
in m points—where by a A-line is meant a minimal line for which A is constant,
ete. Such a curve will be denoted by C,, , ; so that a A-line is a C; ,, a u-line
a G, 4, acircle a C, ;, a cyclic curve a C, ,, etec. The general C, , contains
mn + m + n independent constants ; its total order, i. e., the number of points
in which it is cut by an arbitrary circle, is m + n. Two curves C, ,, C,, ,, in-
tersect in mn’ + nm’ points.§ All C, ,’s which have mn 4+ m + n points in
common, will in general also have mn — m — n additional points in common.

Passing over the general properties of curves, of which the above are simple
types, consider now the (inversion) polars of a curve C, ,. The (h, k) polar
P, . of a point &, n with respect to a curve f = alal = 0, is defined thus :

(2) P, , = ajalay"a " =0;

which may also be written )
-Ph,k = A?A;‘f,
where

1 0 Vi 1 0 0
(3) A1=W(E13_X1+Ezf7\2>’ A2=H("713_#1+7723—’u2)°

* CLEBSCH, Gottingen Abhandlungen, vol. 17, p. 23 ; Bindre Formen, § 14.

T PEANO, Atti Accademia Torino, 1881 ; Giornale di Matematiche, vol. 20, pp.
79-101, 1882. GORDAN, Mathematische Annalen, vol. 23, pp. 372-389, 1889.

t The general Cn, » , from the standpoint of projective geometry, is the special curve of order
m + n, (¢myn), which has multiple points of orders m, n at the circular points I, J, respec-
tively ; while from the point of view of inversion geometry, the general curve of order «, (éx), is
the special Cx, «, which has a multiple point of order « at infinity. Projectively, a Cnr and a
Cmm cut in (m + n)(m’ 4+ n/) points ; but of these the mm’ at I and the nn’ at J are discarded
in inversion geometry.
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In expanded form,

h\ (R o ' =
(4) Ph, K= ;;( z) (j)fil—lgéﬂlf_J"];fh—i, i, Ic——j,j(x' ’ ,”') <,:=
where ’

1 grtvtetaf

f"”“’:m.--(m——a—b—1)n~~-(n-—c—d—1) XN

The (h, k) polar may also be called the polar C,,_, , ,; this is put in evi-
dence by introducing for it the double notation P, , =@, ; . ;-
The polar C, . of a point £, 7 is therefore:

Q@ x= ;(f) (ﬁ)fh,—z o, i, {(E s MANTNIpTI ] .

The geometric definition of the polar curves may be obtained from the con-
sideration of simple binary polarity in each of the minimal pencils. The curve
f = a}a may be regarded as establishing an (m, n) correspondence between
the system of A-lines and the system of u-lines: to each A-line there corresponds
the ' p-lines w,u, - - -, through the intersections of the A-line with f, and to
each p-line the m A-lines A, - .- A through the intersections of the u-line with f.
Similarly with respect to the curve,

%) aFaal =0,

to each A corresponds the kth polar of # as to mu,---p, ; there are m \’s,
A, -+ -\, such that with respect to the u’s corresponding to each in f, u be-
longs to the kth polar of #. Passing from (5) to

M—h o pgt—E ko ___
aytajan el =0,

" we obtain the required geometric definition :

The (h, k) polar of a point €, n with respect to a curve G, , is @ curve Q,,_ _
generated by the following correspondence between the minimal pencils : to each p
correspond those N's (m — h in number) which form the h-th polar of & with respect
to M, -+ - N, —where the A" s are defined by the fact that the w's corresponding to
each in f are such that, with respect to them, p belongs to the k-th polar of n; and
similarly to each \, ete.

Of special importance are the polars @,,, @, , @,- The polar minimal
lines of a point P are

QIO = a’é"lfbﬁ% =f107\1 + fzo7"2 ’

and
1 o
9 n—1 J— .
Qn = aia;"'a, = fott + Jooty (ﬁ = adp )

@, is the linear polar of £ with respect to the A’s corresponding to 7 in f, and
Q, the linear polar of 7 with respect to the u’s corresponding to £in f. To
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each point P there corresponds a definite conjugate point P’, the intersection of
the polar minimal lines @, , ¢, . The number of points P which have a given
point P’ for conjugate is

ﬁm+(m—1)(n—1)=2nm—-—m—n+1;

only in the case of the circle* (m = 1, n = 1), therefore, is the conjugate re-
lation involutorial.
The polar circle of P is,

Qu = a,’é’"laﬁ'l%aﬂ =f117\'1p‘1 +f127\1”'2 +f21)\2”'1 +/‘227\'2/"2 .

It is generated by a (1, 1) correspondence: to each u correspounds the linear
polar of £ with respect to A/ --- A/, where the A"’s are such that with respect
to the u’s corresponding in f°, u is the linear polar of 7.

Between the polar minimal lines, the polar circles, and the conjugate point of
any point P with respect to f, there exists this relation : the pair of lines through
the given point is cut in the same two points by the polar circle and by the
polar minimal lines ; or the conjugate of P is the inverse of P with respect to
the polar circle.

The general properties of the polar curves may be developed by practically the
same methods as in the projective theory. If the point B lies on the (%, )
polar of the point 4, A lies on the (m — A, n — k) polar of B. The polar C,,
of P with respect to /' is also the polar C,, of P with respect to any polar of /.
The (2k) polar of P with respect to the (A'%") polar of P is the (A + 4", k + &)
polar of . If P lies on f, all its polars are tangent to f at P, etec.

§13. Transvectants.—In the theory of simple binary forms, the most important
process for the formation of invariants is that of transvection (Ueberschiebung):
CrLEBscH and GORDAN have shown that this single process, by repeated appli-
cation, will yield the totality of concomitants. An analogous process of double
transvection (doppio scorrimento), has been applied by PEANO} to the double
binary forms.

Let any two forms (not necessarily distinct) be

f=aa,, ¢=05"B;
their (hk) double transvectant is defined by

1) (/) = (ab)"(aB) a6} ey By~ .

* In this case the relation of conjugacy coincides with inversion.
T PEANO, Formazioni invariantive della correspondenza, Giornale di Matematiche, vol.
20, p. 79, 1882.
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The non-symbolic expression is

©) (/&) = [DQLSOmSEN]e, 1=, w22
where Q,, (, are the operators defined by *

Q 1 Vi 0% Q 1 0* 0* -
Y7 mm” \ ONQE, T ON0E )’ 2= qan’ \oudn, omdn )"
Transvectants are covariants which are linear in the coefficients of each form.
If f and ¢ have the same orders m, n, the (mn) transvectant is an invariant

(/&) = (ab)"(aB)",

which, as in the case of simple binary forms, may be called the bilinear, har-
monic or apolar invariant of the forms.

THEOREM.  The locus of points whose polar C}, ;’s with respect to f and ¢ are
apolar is (f¢); = 0.

For the polar C, ,’s are

Fo_ et yn—k bk
Q= @ ar " aal

@ = OBy OB 5
therefore their apolar invariant is
(Q{k R ;?k e = (ab)h(aﬁ)ka?—hbgI_ha:—kB:l_k .

When f and ¢ coincide, the theorem becomes : the locus of points whose polar
C’s with respect to f are self-apolar is (ff),, = 0.

Consider now the simplest transvectants, which play the role here of Jacob-
ians and Hessians in projective geometry :

(f ¢')w = (ab)a?_lbj\nl—la’:/g Z, =f10¢20 -/ 204’10 ’
() = (aB)GY a7 By " = foubos — fooPon -

The curve (f$),, = 0 is the locus of points whose polar A-lines with respect to
fand ¢ coincide; for the points of ( f¢), = 0 the polar u lines coincide.

If a point lies on both these transvectants, it has the same minimal lines with
respect to each of the curves, therefore:

There are 2(m +m') (n 4+ n') — 2(m + n + m’ + ") + 4 points whose con-
jugate points with respect to f and ¢ coincide; these are the intersections of (f),,
and (f)y, , and include the mn' + m'n intersections of f and ¢ .

* o 1 22 ~02 \h&
' m(m—1)--- (m—h+ 1)m/(m/ —1) --- (m/ —h+1) (axla;’,"az,agl) ’

. 1 ( » 2 )k
2 an—1) - (n—k+ D/ (0 —1) - (0 — k1) \dudn,  oudm ) °
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The (1, 1) tran'svectant'is
(S = (ab)(@B)ay’~'} 1y B,
=J1uPen —S1oPn — Subis + ubu 5
or, when the forms coincide,
(= (00 Yaa" )" a e a2

= 2] 11f22 - 2f;2f;1 .

For this case the first theorem of this section gives:

The (1, 1) transvectant of two curves is the locus of points whose polar circles
with respect to the two curves are orthogonal.

" The (1, 1) transvectant of a curve over itself is the locus of points whose polar
circles are degenerate.  Therefore (ff),, = 0 cuts f in its minimal points, the num-
ber of the latter being 4mn — 2m — 2n. By a minimal point of a curve is meant
one where the tangent line is a minimal line. At such a point the polar circle
consists of the pair of minimal lines through the point.

§14. Some simultaneous covariants.—Denote the polar circles of a point P
with respect to the curves /', ¢, ¥ ---by C,, Oy, C, ---; so that

C, = ap'ai'\a\a, = fihp, + fihby + Salotty + [ty » ete.
"Then, from §6 and § 13,
LG C) = (>  LCC) = (Fb>
KGO C.C)=|/n Ju Ju Ju|=45"
by P bn by
Yu Y Ya Y
Xu Xz Xa Xz

Any point P may be considered as a degenerate circle, i. e., as the circle with the
equation P = (£\) (nu) = 0; adding this to the system of polar circles, we have

1)

I(C.P) = am,ay~ e = f,
K(C}O,#C",,P) = -f;l flz -f;l .f;z = Sz'
bu b1 b b

‘l"u ‘I’lz ‘I"zl ‘I’zz
er”’z - 7\2"'1 - 7\1/"2 )‘1/"'1
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From these formule we can write down at once any covariant which is defined by
a property of the polar circles and 2. Thus the locus of points such that the

polar circles with respect to f and ¢ are tangent, is ( £f),, (¢,9),, — (f¢):, =0
(§8). The locus defined by C,, C; and P having a common point is
{ (ff)ll (f¢)ll j‘ !
(S (@), ¢ |=0.
S ¢ 0

The defining property of S, above is that C,C, C, C, have a common orthogonal
circle. Symbolically,

8, = {(ac) (bd) (aB) (v8) — (ab) (cd) (a) (BO)}ap~'ay™ - - g8y

Its square is expressible in simple transvectants thus:

Si = qu .flz f;l fzz fzz -f;l .f;z fu ;: (ff)u (f¢)11 (f\l”)u (fX)u

X

Similarly S, is the locus of points 2 for which C,C, C, and P have a common
orthogonal circle ;
8, = {(a0) (+8)byr, — (ab) (@), } a5~y By 1y oy

and

(2) S§= (ff)u (f¢)11 (f‘[’)u S
S ¢ ¥ 0

§15. The discriminants and the nodal invariant.—If in f = a}a’, we consider
A or u as being the only variable, and take the corresponding discriminants,
we obtain two simple binary forms D (\), D,(u), which may be called the
discriminants* of f. Let the symbolic discriminant of a} be A(a, 8, ---);
it will contain in all 2(n — 1) symbols @, 8, ---. Similarly the discriminant
Ay a, b, ---) of a; contains 2(m — 1) symbols ; D, and D, are then

D\ =A(a, B, --)ayby ---,
Dyp)=Afa, b, -)apB, -+,

their orders being 2(n — 1)m and 2(m — 1)n. They represent the tangent
minimal lines of /', the total number of such lines being 4mn — 2m — 2n as
found before (§ 13).

1)

* CAPELLI, Sopra la corrispondenza (2, 2), Giornale di Matematiche, vol. 17, p. 75, 1879.
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We consider now certain invariants of f which have simple geometric inter-
pretations. Let 8, = 0 be the condition for two A-tangents following together ;
P, =0 the condition for an inflexional A-tangent; (), = 0 the condition for a
double A-tangent; and 3,=0, P,=0, (,= 0 the corresponding conditions
for p-tangents.

From geometric considerations,

& =NPiQ;, 8=DN"PQ;.
To determine @, b, ¢ we must caleculate the degrees of the invariants. The in-
variant 8, is the discriminant of D (\); its degree is therefore
4(n—1){2m(n — 1) —1}.

Again P, @, equated to 0, are the conditions for the existence of a A
for which the equation f{A, #)= 0 has a triple root, and two double roots re-
spectively ; their degrees may be found then, from SALMON’s general formule
for the order and weight of systems of equations.* It is thus found that the
degree of P, is 6m(n — 2), and the degree of @), is 4m(n— 2)(n —3).

To determine @, b, ¢, we have then the equations :

4(n—1){2m(n —1) =1} = «[N] + 6bm(n — 2) 4 4cm(n — 2)(n— 3),
4(m —1){2n (m — 1) — 1} = a[N ] + 6bn (m — 2) + 4en (m — 2)(m — 3),

where [ V'] denotes the degree of V. Equating the values of a[N ], we ob-
tain b = 3, ¢ = 2; and determining ¢ from the values of the invariants for the
circle, we have

@) o = NP, 8,=DNPQ;.

The nodal invariant is the greatest common divisor of the discriminants & , 8,,
of the discriminants D, D,, of f. Its degree is 6mn — 4(m + n — 1) .+

§16. Contravariants.—Besides invariants and covariants, forms involving
the coordinates of a variable circle are also of geometric importance; such a
form, equated to zero, denotes a complex of circles with invariant relations to
the given curve or curves. The variable circle will be taken in the form :

(1) C= Py TpMEy AR + Tyholy = APy +

* SALMOND-FIELDER, Raumgeometrie, 3d edition, vol. II, p. 595, formule for cases ¢) and d).

1 The intersection of two surfaces can have a node only if the surfaces are tangential. Therefore
1n the case where f is equi-ordinal, f= aﬁal’:, the problem of finding NN is equivalent to the prob-
lem of finding the tact-invariant of a quadricand the general surface of order n. The ahove re-
sult then gives a method of finding this tact-invariant by purely binary considerations. The
degree is 6n2—8n + 4, as may also be found from quaternary considerations (SALMON-FIELDER,
Raumgeometrie, 3d edition, II, 609).
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The circle C intersects f = a}a), in m 4+ n points, whose coordinates are ob-
tained by the elimination of A or u from C= 0, f= 0; thus we obtain two
binary forms :

LO) = (f1 €Yy, = (@p') - (a)agrs, -0 = 5%,
M) = (fs Oy = (@) -+ (@)aypy, - - P =+,
the first representing the A-lines, and the second the u-lines, through the inter-
sections of C'and f. That it is necessary in general to consider only one of
these forms is shown by the theorem :

If C is not degenerate, the forms L and M are equivalent.
This is proved by showing that the substitution

@)

A= Tyl Tyl = TP,

)

whose modulus

ANy = — Py — Ty = — 1P W

’

g

L0

— 37 )pp’) = —
is not zero by assumption—transforms L into M except for a factor. We have
L = (o) -+ (@, - @D (R, - (T

but
(rP(ap)p, = — o',
L =(—1)ysc"M.

therefore

The equivalence may also be seen geometrically ; for L and M on the circle C
represent the same points in different systems of linear codrdinates.

From L or M a large class of contravariants may be deduced, since every
invariant of L or M is a contravariant of f. Thus to every invariant of a
binary form of order m + n, corresponds a contravariant of the double binary
form f= a}a),; this contravariant represents the complex of circles, each of
which cuts f in m + n points having the property denoted by the vanishing of
the binary invariant.*

As an application consider the discriminants D, and D, , of L and M.
The discriminant D, can vanish only if the circle C is tangent to /', or if two
of the points of intersection lie on a A-line—the latter case occurring only where
C is degenerate. If we denote the complex of tangent circles by ®, we have

D, = ®".

* Compare the Clebsch Uebertragungsprincip, LINDEMANN, Geometrie, vol. I, p. 276. Similarly
every covariant of the binary form gives a mixed concomitant of f, i. e., a concomitant involv-
ing the coirdinates of both a variable point and a variable circle.
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Reasoning as in the preceding article, we find
4) D)= &g, Dy = Po'm"-1,

The tangential complex ® may therefore be obtained by forming either dis-
criminant D, or D,,, and neglecting the irrelevant complex of degenerate
circles. Its degree (in coefficients of f) is 2(m + n — 1), and its class (degree
in coefficients of C') is 2mn . *

Another method which is useful in the formation of contravariants, is founded
upon a principle by which from any equi-covariant, i. e., a covariant which is
equi-ordinal—we may obtain a corresponding contravariant; and conversely,
from any contravariant, a corresponding covariant. Any contravariant  of a
system of forms can be written ‘

4) Q= (r)tr') - (&) (mp)(7p") - - - (p* V).
If in (5) we put (tr) =t,, (7p) = 7, , we obtain a covariant
(6) V=tr},

involving A and w in the same orders ; and similarly, from any equi-covariant (6)
a corresponding contravariant (6) may be derived.

From any contravariant (), a covariant ¥V may be obtained by substituting .
point codrdinates A, u for the symbols », p of the variable circle which
occurs in Q; and from any equi-covariant V', a contravariant  may be ob-
tained by substituting for A, x the symbols of a circle.

Using the definition of the polar circle of a given circle with respect to a
curve, which is ‘given later (§ 24), the geometric relations of corresponding co-
variants and contravariants are :

V' = 0 ds the locus of the vertices of the degenerate circles contained in = 0;
while Q = 0 is the complex of circles which are orthogonal to their polar circles
with respect to the curve V= 0.

CHAPTER 1IV.

CONNECTION OF THE BINARY AND QUATERNARY THEORIES.

In the preceding, the binary and quaternary methods have been considered
independently of each other; but the. fact that both are methods which apply to

*The class of the tangential complex may also be obtained from projective considerations.
The class of ¢ is the number of circles in any pencil of circles, which are tangent to f ; it is there-
fore also the number of lines through a point, which are tangent to f, i. e., it is the (projective)
class of the curve f, which from PLUCKER’S formula is

(m4n)(m+n—1)—m(m—1) —n(n—1)=2mn .
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the same geometry, indicates a certain isomorphism between the two. The ex-
plicit form of this connection will be studied in the present section. It will be
shown how the apolar surface which proved to be fundamental in the quaternary
theory, also presents itself from the binary point of view ; and how we may pass
from a quaternary concomitant to a corresponding binary concomitant.

§ 17. Parametric representation of the fundamental quadric.—Consider any
four circles not belonging to a linear system,

(1) 01 = EA;M ’ Oz = ZAE,,, ) 03 =E,\_';u ] 04 = E)\S\u .
In connection with these there are the covariant orthogonal circles
2) C=aa,, C=0bB,, C=cv,, C.=4d3,,

where for example C| is the circle orthogonal to C,C,C,, so that

wa, = B d)(By)ed, — (Be)(Bd)dyy, , ete.s

and the invariants

— @a)@a), I,—(@byaB), etc.
(3)

= (aa')(aa), I,,=(ab)aB), etc.,

I, = minor of 7, in the determinant |7,
@) D= Ky =(20)bd)(aB)(v8) — (ed)(cd)(av)(BY), D* =L},
D'=K, =D, D*=|I,]=D°.

or

Let 2,20, be homogeneous codrdinates in space, and put

(5) pr, = E)\_‘;’u s PLy= _b)\Bp. sy PEy= E,\'—Y,L ’ ‘_l S

This is the parametric representation of a quadric; for the four circles C,C,C,C,
are connected by the identity (§7):

Ll
C,, 0

where the left hand member denotes the fifth order determinant obtained by
bordering the fourth order determinant |I,,| .
The equation of the quadric () is therefore

Q=P§=—le’kl’ w,| =2 Iywx,=0.

(©) o
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This represents the most general non-degenerate quadric; for the invariants 17,
are independent, and the diseriminant

(M =Ll = D° = J(pp'PP"V 5

by the assumption that 01 C,C,C, are lmearly independent, can not vanish.
Again the «’s may be regarded as the tetracyclic coordinates of the point A, u,
the base circles being C,C,C,C,, and the identity being @ = 0.

The tangential equation of €) is,

(8) @ =up= 6 (pplpﬁu =D Z '[ﬂtutuk =0.
Any circle C = 7,p, is connected with C C,C,C, by the identity [(4) § 7],
(9) Dryp, = (ra) (pa)C, + (rb) (pB)C, + etes

therefore its quaternary codrdinates are

10) w=@)@p), wy=Er)Br)r w= @A), w= (@) (Ep).

The formulz (5) institute a (1, 1) correspondence between the points (A, w«)
of a plane and points x, of the quadric (6). In this correspondence the points
of a circle in the plane correspond- to the points of a plane section of @ ; the
formula (10) show how the coordinates of corresponding circles and planes are
connected.

§ 18. The apolar surface corresponding to an equi-form.—Consider any double
binary form

@) - f=aa
whose partial orders are equal. Such an «equi-form ” may be expressed in
terms of the four bilinear forms C,C,C,C,. For by (9) § 17,

Da,a, = (aZ) (aZ)E)\;M + ete.;

therefore,
(2) Daar = [(aa')(aa))aal, + (@b (@B )bB, + -]
. X [(aTz")(aa )a'):a” + - v ]
x [(@a®)(aa™aal + ... ... ...].

Introducing the 2’s by (1) § 17, we have

Drajar, = A,

where the symbols 4 are defined by

A, = (aa)(aa)=(aa’)aa)="--, 4, = (ab)(aB) = (ab)(@aB)=--,
A= (ac)(ay)=(acd)ay) ="+, A, = (ad)(ad) = (¢d')(ad)="--

(3)
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Starting with the binary form f= aja”, we obtain in this way a perfectly
definite quaternary form F'= A7. For all points of the quadric ¢, the form
F vanishes when and only when f does—that is to say, in space, F = 0 rep-
resents a surface which cuts the quadric ¢ in the curve f =0,—but obviously
this alone does not determine F'. The determination is completed in the

FunDaMENTAL THEOREM.— The quaternary form F = A", which corresponds
[by (3)] to a double binary form f= ayal , represents that surface through the
curve f = 0 on the quadric @ , which is apolar to Q.

To prove this, consider the covariant 434"~*:

4= D' LA A, — —[|T,] 4,
4, 0
1l (aa)(aa), + (aa)(aa) |L;] = 0,
(ad)ea) (wa)(aa)
by § 8; therefore A347~* = 0, and F is apolar to @ (§3).

This result gives a method for determining the apolar surface F' passing
through a curve on @, which is essentially different from that in § 9. Let the
curve be determined by any surface /'’ = 0 which passes through it; by the
substitution (6) § 17, F’ becomes a double binary form f= aja} ; then by (3)

we pass from f to a quaternary form F which will be the required apolar form.
If @ is taken in the form

Q = 2z, — 2x.,,
the parametric representation may be put into the normal form
Ty= Ny Ty= My, Ty= Ayl B, = Ayl .
Then the F' corresponding to f = aja; is
F=(aazr + aar, + aar, + aax);
and the passage from F’ to /' may be formulated as follows : let
F' =3 cCxiaba)al,

where ¢ denotes the numerical and C' the literal coefficients ; substitute 2, = Au,
¢, =\, ¥ =p, @, =1, sothat '’ becomes, say,

2(0101 + czoz'l' "')xr '3
in this put C, = C, = ete. ; the result will be F'.

- §19. Coincidence of the binary and quaternary polar theories—It has been
seen in chapter II that the study of a curve in tetracyclic coordinates depends
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intimately upon the apolar form F'; and by means of the quaternary polars of
F, a complete quaternary polar theory of curves might have been developed.
This was not done however, only binary polars being considered in § 12. The
question may then arise, whether curves have two distinet inversion polar theories,
a binary and a quaternary.

The apolar form corresponding to

f = aﬁa::’

is, by (3),
F=A; = [(@a)@d), + -] [(@d)ea")t, + - ]---[(@a®)(@a), + ---].
For the points of @, we have
Ar = D"aﬁa’; s Ay = Daéa,, s

k An—k __ n ok gk yn—k on—k
ALAY* = Dragajay ™",

where y or £, 5 is any point of @. Again, since F is apolar to ¢, so are all its
polars A%A7~*. Therefore
If f and F are corresponding forms, so are their polars P, (f) and P (F).
This gives a characteristic property of the apolar surface F'. The polar sur-
faces of any point of @ with respect to the surface F intersect € in the (equi-
ordinal) polars of the same point with respect to the curve f; or briefly, the two
polar theories coincide.*

§20. Symbolic relations.+ —The object of this section is to develop the form-
ule by which, from a quaternary concomitant, we may pass to a corresponding
binary concomitant and conversely. The fundamental quadrie, its contrava-
riant and its discriminant are

D) Q=pi Q@=ui=¥p'PW' A=(pppP")=1pr=D"
The symbols of binary forms, corresponding to quaternary forms whose symbols
are A, B, C ..., will be written ¢, a; b,8; c,v; --., so that by (3) § 18,

4, = (aa)aa), A4,=(ab)aB), ---,
2) B, = (ba)(Ba), B,=(bb)(BB), -,
C, = (cZ)(ry:), C,= (07))(75) , -+, ete.

* Attention is restricted here to the equi-ordinal binary polars, since the others can not be
represented by a single quaternary form ; if we include all the polars, the quaternary theory
forms merely a part of the binary theory.

1 For relations connecting ternary and simple binary forms, Cf. LINDEMANN, Sur une repré-
sentation géométrique des covariants des formes binaires, Bulletin Société Mathématique
de France, vol. 5, pp. 113-125, 1876, vol. 6, pp. 195-208, 1877 ; also Mathematische
Annalen, vol. 23.
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From these we have the fundamental relations :

(8)  (ABCD) = |(ad)(aa), (ab)@B), ---
(ba)(Ba), (VO)BB), ---

= |ma aqa aa, a,a, X

blB 1 blﬂ 2 62/31 bZB 2

na,, 06, aa aa,

465

= D*{(ac)(bd)(aB)(vd) — (ab)(ed)(ay)(BR)} (4 §17];

#)  4,Bp= {(pp'p"A)pp'p"B) = D'} I, 4B,
=— [Tl A.~,= — 1L (aa)ea)| + (ab)(aB)| L]
| B, 0 (ba)(Ba') (ab)(aB)
= DY(ab)(aB) [(5) § Tand (4) § 17];

[ (pp"AB) (pp'CD) = 2D° |(ac)(ay) (ad)(ad)
(be) (By)  (bd)(B9)

(p ABC)(pDEF) = — D*|(ad)(ad), (ac)(ae), (af)(ad)

)

9

®) { (4BCD) (4B D)= D*

(6) ‘ Az = ‘Da)na'u.;

(pABC)p, =% 9 79 09 99

ox, Ox, Jv, O

(aa’) (aa’), (ab’)(aB), (ac’)(ay), (ad)(ad)

9

o
= D#{(ac) (bd) (aB) (9) — (ab) (ed) (a) (BB)} {(a'e) (¥0) () (4®)
— (@) () (a7) (8%));
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and on substituting

5 o
1 a—z =L+ L= %% 0B DO, ete. [(2)§17],
I21 Izz :
I, I
I I
we obtain “ #
() (pABCyp,=D|C; C, -..-|= D*{(ac)(aB)b,y, — (ab)(ay)e\¥,} -
A4, A,
Bl 'B2
G G

§ 21. Transformation of the concomitants.—The general G concomitant of
a system of quaternary forms can be written (§ 1)

where 7' represents the general projective concomitant of the quaternary forms
and the fundamental quadric. 'We may therefore apply the Clebsch-Aronhold
symbolism : every (f concomitant of the form A" is symbolically a concomitant
of the linear forms 4 , B ,.... From §5, then, S can be symbolically ex-
pressed in terms of the types

1 0: A,, ApBp, Apup;
@ O: (ABCD), (ABCp)p,, (ABCu).

Furthermore the square of the type O can be expressed in terms of the type O.
Therefore S can be written

(@) 8= R(0) + L OR(0),

where R and R’ denote rational integral functions.
Every G concomitant can be reduced to one of the forms

@) R(0), X OR(0),

according as it is even or odd (§ 1).
Consider now the symbolic representation of the concomitants of double binary
forms. Every concomitant of a}a”. is expressible symbolically through the types : *

(ad), (aB), ay, a,, (ar), (ap),

*If 2 and p are cogredient we must add the types (ae), a., ax, (ap), (ar); for distinct
transformations of 2 and x, howéver, such types are not invariant. Cf. CAPELLI, Giornale
di Matematiche, 1879, p. 71.
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by the general theory of the Clebsch-Aronhold symbolism. If we limit ourselves
to equi-forms /= aja , every equi-concomitant B is symbolically a concomitant
of the bilinear forms a,a, , b,b,, - - -: and therefore (§ 6) expressible through the
types

Q: [ab] = (ab) (aB), [au] = (ar) (ap), {ar} = a,a,;
@) [abed] = {(ac) (bd) (aB) (v8) — (ad) (cd) (av) (BO)} ,
' [abeu] = {(ac) (aB) (br) (vp) — (ab) (av) (cr) (Bp)} »
{aber} = {(ac) (aB) by, — (ab) (ay) B} -
Of the second type ', only the first power is necessary (§ 7); therefore

5) B=R(Q)+ QR(®).

Those B’s which are invariant also for the transformations H, that is, con-
comitants of the group G, can be reduced to one of the forms :

(6) RQ), Y 'OQ'R(Q),

the first characterising those of even, and the second those of odd character.*

If now the forms f= aja’ and F = F" correspond in the sense of §18, the
types 2, Q" and O, O’ are connected by the relations given in the preceding
section. From (2), (3), (4), (6) we have then the fundamental

THEOREM.—From every equi-concomitant of a system of double binary equi-
Sforms, may be derived a concomitant of the system of corresponding (apolar)
quaternary forms, by substituting for every type symbol Q, Q' a corresponding
type symbol O, O ; conversely, a binary concomitant may be derived from every
quaternary concomitant. In this transformation an even G’ concomitant remains
an even G concomitant, and an odd remains odd. Geometrically, corresponding
concomitants are equivalent, their vanishing having the same interpretation. The
equivalence holds also in an algebraic sense, since corresponding forms are connected
by the same syzygies, and a complete system remains complete after transformation.

Another set of relations is obtained by considering, instead of the G and G’
concomitants of the quaternary forms F, F’, ..., the ordinary (projective)
concomitants of the enlarged system :

Q’ Fs FI’ Tt

* By the method employed in § 1, it may be shown that for G concomitants the factor pro-
duced by transformation is of the form DD}, where D, = (ad —bc), D,== (ad — fy), (4) 210;
and for G” concomitants the factor produced by the transformations @ is of the form D}D}, while
that produced by the transformations H may be either DD} or — D!D}, thus creating the
distinction of even and odd G” concomitants.

1 Here, and in the following relations, the coefficients pi of the fundamental quadric @ are
not regarded as numbers, i. e., they are not included in the domain from which the coefficients of
concomitants may be chosen, as was the case in the preceding. '

Trans. Am. Math. Soc. 31
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From § 5 it may be shown that every such concomitant 7', multiplied by a suf-
ficiently high power of A, can be symbolically expressed in one and only one
of the forms

M RA, 0), Y OR(A, 0),

the first form characterizing those of even, and the second those of odd weight.
Employing the same symbolic transformation as in the preceding theorem, and
comparing with (6), we obtain this result:

The equi-ordinal G’ concomitants of a system of equi-forms

f= aﬁaz, fl=b;\"B;f’ ceey

may be obtained from the ordinary concomitants of the fundamental quadric Q,
and the corresponding apolar quaternary forms

F=4, F'=B:°, s
The converse is also true.
Every G concomitant is the sum of two G’ concomitants; for denoting
by G the result of operating on the concomitant G' by means of an improper
transformation,* we have

G+G@ G-—G
G= 2 + 2 .

Therefore from every equi-concomitant of the binary forms, we can obtain in
general two concomitants 7'. Complete systems stand in this relation :

The binary concomitants corresponding to a complete T system form a complete
equi-binary system. The T concomitants obtained from a complete equi-binary
system, together with the discriminant A, form a complete T system, provided
A1 is regarded as an integral invariant.

§ 22. Ezamples of the transformation of concomitants.—The Hessian of

F=A4"
is
(ABCD)*A4r—*%;
if we apply (3) and (6) of § 20, and the symbols defined in (1) § 21, this be-
comes (omitting powers of D)
W [abed]*{an}—,
which is the corresponding binary form. Expanded,

* We may derive G from @ by interchanging, in the symbolic representation of G , a with e
and A with x.
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@) [abed]’ = | (ab)(@B), (ac)(av), (ad)(ad)

= 2{(ab)X(cd)*(@B)*(v8)" — (ab)(be)(cd)(da)(aB)(By)(¥d)(®a)} ,
{aA}"? = a3~al 2
The Jacobian of four surfaces A, Bu, Cre, D,
J= (ABCD)A;"'B}-'Cx'Dis™?,
becomes J' = [abed] {aA} " {BA} T { N} {dA e,

which coincides with the covariant S, of § 14. The non-symbolic expressions
are therefore

J= Fl Fz Fs F4 y J = fu flz le fzz
) ¢z ¢3 b, by b Py ¢2z .

If one of the surfaces is the fundamental quadric ¢, the Jacobian becomes
(ABOp)Ar—'B1~'Cr'p_, with the binary equivalent :
{aber}{ar}H{oapm—Hea et = |y iz Ju o
. ¢11 ¢l2 . ¢21 ¢22

.,

b

Z.

1 .

21 z

12 22

Agfly = Mgty — Mty Ay
which is the S, of § 14.
Consider now, as an example of the second kind, the problem of expressing
binary transvectants in quaternary form. Let the binary forms be

f=daa,, ¢=2058,
and the corresponding quaternary,

F=47, ¢$=B:.
The transvectant is

(/)= (ab)"(@B)'ar =63 = B
Therefore, applying (4) and (6) of § 20,

(3) Drnts(fd), = ApAp -+ ApanBpBp + - Bpan A" *BF,
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§ 23. The osculating circle in invariant form.—As an application of the pre-
ceding methods, consider the problem of determining the osculating circle at a
point of the curve f = aja, = 0. "Let the corresponding quaternary form be
F = Ar; then by applying HEsse’s formula * for the osculating plane to the

space curve
F=A4"=0, Q=p*=0,

the osculating circle C’ at the point y, is found to be
@) ' = Gy) 2 Fyw, — Hy) 3 Q)1 =0,
where G and H are the covariants

1
> B=f—1y

|Fal @
Q Ol

To obtain the corresponding binary forms we must write these symbolically,
the results being,

G = 4B A B,

He L (pABO)(p'4BC)p, p A2 B0,

o |1l F,
F, 0

6(n — 1)
the binary forms are therefore,

9= (>

1
h= gy (@) @Bbr, — (b)), Ve by B

The osculating circle at the point P = &, ¢ is
@) 0" = glEn)ay e a,a, — h(EnENms) = 0.

This can be put into more convenient form by introducing the degenerate circle
at P, B
P=@E)mw) =0,

and the polar circle at P,

C=a e 'aya, =0;
equation (2) may then be written (omitting the arguments £y in g and %),
(3) C'=gC—hP.

* HEssE, Crelle, vol. 41, p. 283 ; or SALMON-FIEDLER, Raumgeometrie, 3d edition, vol. II,
page 156, line 1.
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The invariant of C' is

I(C'C") = #I(CC) — 2ghI(CP) + KI(PP);
but
I(CO)= (ff)u=9a I(CP)=f, I(PP)= O;

IC'C)y=9(¢—-/H=9¢,

since only the points £, 7 on the curve f are considered.

The osculating circle is degenerate only at the points where g cuts f, i. e., at the
minimal points of f (§ 13).

If h = 0, C’coincides with C; if they coincide, either » = 0 or C is degen-
erate. Therefore :

The points of f where the osculating and polar circles coincide without degen-
erating, are cut out by the curve h ; their number is 2n(3n — 4).

From the orders of ¢ and % in £, n we have :

Through any point of the plane, pass 6n(n — 1) osculating circles of f .

therefore

§ 24. The apolar * relation of curves—Consider any two C, ,’s :
f-E a’;a;:O, f’ Ebﬁjgz=0.
Two C,,’s are said to be harmonic, conjugate, or apolar when their bilinear in-
variant vanishes.
The bilinear invariant is (§ 13)
, o n\ (n
@ = @y = S 1 (3) (7) awbcn s
Let the corresponding surfaces be
(2) F=A4"=0, F'=B'=0,
and their reciprocals with respect to ¢,
(3) Eu::=0, ¢’E‘u:=0.

The polar of the plane u, has the coordinates u,P,; therefore ¢ and ¢’ may

be written
¢ =ApAp - Apn—Up -+ Up—1) = U},

) ¢ = BpBp - -+ Bpn—1Up - - Up(n—1) = U}, 3
from which
p,=AyP,, o,=B,P,.

* The apolarity considered relates of course to the geometries (4) or (B) of the introduction,
and is distinet from ordinary (projective) apolarity : two plane curves which are inversionally
apolar are not in general projectively apolar ; and conversely, projectively apolar curves are not
in general inversionally apolar.
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But from (3) § 22,
(ff)n=Ap-+- Apr-0Bp-+- Bpin-1;

substituting the values of either p, or o, we have

©) (fF )= (ab)(aB)" = A = By.
The invariant 4” , however, is the bilinear invariant of the surfaces F and ¢,
and B is the bilinear invariant of /" and ¢ . Therefore,

If C and C,, are harmonic, so are the surface corresponding to either, and the
reciprocal with respect to € of the surface corresponding to the other.* [Added
Sept. 28, 1900. More generally, every surface of the nth order through the one
curve, is apolar to the reciprocal of the surface corresponding to the order.]

An interpretation of the apolar relation of C, and C’ can also be obtained
without passing to space. 'With respect to the curve f = 0, every circle r,p, has
a polar circle (ar)(ap) - - - (ar®=?)(ap"P)a,a, = 0 ; from the binary form of ¢,

) ¢ = (ar)(ap) - - - (@~ ")(ap" "),

we see then that ¢ can be defined as the complex of circles which are orthogonal
to their polar circles with respect to f. Similarly ¢ is the complex of circles
which are orthogonal to their polar circles with respect to /. The curves f and
¢ stand in the following reciprocal relation: f is the locus of the points con-
tained in ¢, and ¢ is the complex of circles which are orthogonal to their polar
circles with respect to f. If f and f’ are harmonic, so are the forms F and ¢,
and F’ and ¢.

If f and f are cyclics, the bilinear invariant is

(6) (ffl)ZZ = ao')bn - 2“01621 + a02b20 - 2a10612 + 4al"lbll
+ @by — 20,6y + @by, — 2a,,0,,.

22700 21701

When the cyclics f and f” are apolar, the quadric ¢ is inscribed in an infinite
number of tetrahedra which are self-polar with respect to /" and a similar rela-
tion exists between ¢’ and F'.

In the plane the relation may be given by introducing the notion of circles
which are conjugate with respect to a cyclic. The polar circle of any circle C
with respect to f, is the locus of points whose polar circles are orthogonal to C';
two circles are conjugate when each is orthogonal to the polar circle of the other.
If then we call a set of four circles which are mutually conjugate a self-conjugate
set we have:

If two cyclics f, f’ are apolar, the complex: ¢ of circles orthogonal to their polar
circles with respect to f, contains an infinity of sets which are self-conjugate with

* A corresponding interpretation of the conjugacy of two simple binary forms is given by
SCHLESINGER, Ueber conjugirte bindre Formen und deren geometrische Construction, Mathema-
tische Annalen, vol. 22, pp. 520-568, 1883.
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respect to f'; and similarly with ¢" and f. Conversely, if ¢ and f* or ¢ and f
stand in this relation, f and f’ are apolar.

The importance of this theorem lies in the fact that it will serve as a basis for
a synthetic theory of linear systems of cyclics, similar to that which has been
developed for conies :* for a linear »-membered system of cyclies,

tl.fl"'tzfz'f‘“"‘i‘tvﬂ:o’

may be defined as the totality of cyclics which are apolar to 9 — » linearly inde-
pendent fixed cyelies.

§ 25. Quaternary methods for the general double binary form.—For the qua-
ternary study of forms
S = «&tal,

whose partial orders are different, we may pass from f to an equi-concomitant.

Thus we may consider
(S )y = (ab)aia .

The concomitants of this form may be studied by quaternary methods ; but they
will not, of course, include all the concomitants of f.

A system of equi-forms which is equivalent to f is given by any one of the
systems of polars:

Py = aigja;, or P,=afaja"ay™" (h=1,2, -, n—1).

A quaternary method of treating /' consists then in the study of the (1, 1) cor-
respondence, defined by P, = 0, between the points (£7) of ¢, and the two-
parameter (non-linear) system of surfaces of order » — %, which corresponds;
by § 18, to P, = 0; or, in the study of the (1, 1) correspondence, defined by
P, = 0, between the generators A = £ of one series on the quadric ), and the
one-parameter system of surfaces of order » which corresponds to P = 0.

CHAPTER V.

TrE CycLic CURVES.

In tetracyclic coordinates the cyclic is represented by the quaternary quadric
form @?, and in minimal co6rdinates by the quadri-quadric double binary form
aja’. The first representation brings the inversion theory of the cyclic into rela-
tion with the theory of two quadric surfaces, while the second connects it with
the general (2, 2) correspondence. The relation of the two points of view is
most easily grasped by passing from the plane to the isomorphic problem in

* DARBOUX, Bulletin des Sciences Mathématiques, vol. 1. REYE, Ueber Systeme
und Gewebe von Kegelschnitten, Crelle, vol. 82, pp. 54-83, 1877.



474 E. KASNER: THE INVARIANT THEORY [October

space of a bi-quadratic curve of the first species on a fixed quadric @ ; for such
a curve may be determined either by cutting ) with another quadric or by es-
tablishing a (2, 2) correspondence between the two systems of generators on ).
The previous methods will now be applied to the discussion, from both points
of view, of the concomitants of the cyclic—their complete systems, relations and
geometric interpretations.*

§ 26. System of two quadrics.—Let the identity be U'=)" p w2, = p> =0,
and the equation of the cyclic

2 — .
U= Za'ikwtwk =a, = 0;

then (§4) the concomitants of the curve may be derived from the projective
concomitants of the two quaternary quadrics U”, U. Denoting the correspond-
ing class quadrics by

o =uk, c=ul,
the invariants are -

A = §11_(])])Ipupm 2 i_pi,, A = glg(ade)z — i’a‘?i’

’ 1

0= }(pp'pay =ap, 0= }(pabey =p},
the covariants are
U == C(/2 ) U " = pf‘ ,
S = anPaxbx ’ S = pdpépxp:; ’
Y = Habpp)bporp; Pt PP ;
and the contravariants are

.

a=u§= %(abcu)z, g = uf,,: %(ppp u)z,

T = §(pp'au), T = }(pabu)’,
© = Jupug(ppaw) (p”bew) P, P a,
| Pr Pr ap

(pp"bo) (p'pbe) (ap“be)

* A non-invariant discussion of these cyclic curves or bi-circular quartics is given in DARBOUX,
Sur une classe remarquable des courbes, ete., Paris, 1872, reprint 1896.
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In terms of these fifteen forms : *

A, A, 6, 0, ¢,
() v, v, s, 8, 1,

’ ’

G, O, T, T, @,

every concomitant of U, U’ involving at most one series of variables, can be
rationally and integrally expressed.
Referred to their common self-polar tetrahedron, the quadrics may be written

U=Yu:, U=Yan;
and the complete system (3 ;) takes the normal form :
A=1, 0#=Da,, ¢=Yaa, 0=>aaa, A=aaaa,;
U=>a2, U=>Yazx?, 8 =>Yaa?, S=>>aaar,
i Y = (a, — a,)(a, — a,)(a, — a,)(a, — a)(a, — a,)(a, — a,)wxry, ;
o=>ul, =73 (a,+a+a) ,
= (aa, +aa, +aa), oc=aaan,
o = (a, — a,)(a, — a)(a, — a)(a, — a,)(a, — a,)(a, — a)uuuu,.
§27. Quaternary system of the cyclic—According to the method of §4, to apply

the above results to the cyclic, we must replace U by that member /', of the
pencil U + kU’ , which is apolar to U’ ; this apolar quadric is [(6) or (7), §3]

ol

(1) F=A2=NU— U,

The complete quaternary system of the curve consists then of the “identical’’ form
o = ’u/i,

(so called since it is the same for all curves), and of the proper concomitants :

* A non-symbolic discussion of these formsis given in SALMON-FIEDLER, Raumgeometrie,vol. I,
Chapter XI. I have not thought it necessary to give the symbolic calculations by which the
above results are obtained, as they are similar to those which occur in the corresponding ternary
problem ; cf. GORDAN’S system, CLEBSCH-LINDEMANN, Geometrie, vol. I, p. 291. The com-
pleteness of (Z;) may be proved by comparing with MERTEN’S equivalent system, Wiener
Berichte, 1889, 2 A, pp. 733-8.

t There is no invariant corresponding to 6 of 3,, since in the present case 4% =0.
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I=}(pp'ABY, J=3}(pABCY, k=34 (ABCDY;
F=4', G=A4,BAB, H=p, pip p.,
b =3(pp' A, ¥ =}(p4Bv), x=1,
Z

= Jugu(pp'Au)(p'BCw) | p; P 45
Pr Pr Ap
(s9'BO) (p¥'BC) (45'BO)
These concomitants :
I, J, K,
(=) F, G, H, Y,

¢’ ‘l’, X Z, o

are also, by (1), concomitants of U’ and U; it follows that (3_,) is expressible
integrally through (3°,). To obtain the explicit relations, it is sufficient to con-
sider both systems (3°,) and (X,) in their normal forms; the normal form of
2, has been given in § 26, and similarly the normal form of 3, (omitting the
identical form) is

I= Y88, J=YBBAB, K=BBBE,
F= 3Bz, G=3 B, H =73 B.BBn;
3) Y= (B,—B8): - (B, — Brwure,;
b=—23Bu;, ¥v=232T+ BN, x=723BBBw,
Z= (B, —B) (B — Buuuu, .
The a’s and Ss are connected, from (1), by the relation :
o
1’
sothat 3°8,= 0. Introducing the value of B, in the above normal forms, and

comparing the results with (1) § 26, we obtain, after some calculation, the re-
quired relations between 3°, and 3, as follows :

8T = 8A%p — 3A9?,
16J = 16A%0 — 8A*0'd + 2003,
(4) 256K = 256A"A — 64A%0'0 — 16A76%¢ — 3A'0*,
AF=4ANU— 0T,
16G = 16A%8' — 8AG U + 6T,

B;=A'a; —
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64 H = 64A%S + 12A'02TU — 16A70'S’ + (30° — 160.9)U’,
Y= A%Y, '
4¢ = 4A'7 — 367,
16y = 16A”r — 8A'6' + 3670,
64X = 64A% — AT + 4N + 0%,
Z=Ao.

#)

The formulee (2) give the concomitants of the cyclic in terms of the identity
U’ = 0 and the apolar form F', while the formulz (4) give them in terms of the
identity U’ = 0 and the most general quadric U which can represent the curve,

It is convenient, for some purposes, to replace the covariants of the system

>, by the corresponding apolar forms : *

(5) F, GI=G+§U', HI=H—‘£U', Y.

§28. Binary system of equi~forms.—The quaternary system Y, of the preced-
ing article will now be transformed so as to apply to the cyclic represented by
the double binary form

f = aiai [
the method being that developed in §21.
For the invariants, the formule (5) §20 give t

4] = (pp’AB)’ = 2 [ (aa)(aa) (ab)(aB) | = — 2(ab)*(aB)’;
| (ab)(aB) (Bb)(88)
6= (pABCOR=—| 0 (@b)(@B)  (be)(ay)

(ba)(Ba) 0 (be)(Br)
(ca)(ya) (b)(¥B) O
= — 2(ab)(be)(ca)(aB)(Br)(va) ;
24K = (ABCD)* = {(ac)(bd)(@B)(vd) — (ab)(cd)(a)(B3)}
= 3(ab)(cd)(aB)(vd)" — 6(ab)(be)(cd)(da)(aB)(Bry)(v8)(3a)
= 2(ab)*(cd)*(ay)(B8)* — 6(ab)(bd)(ac)(cd)(aB)(BE)(av)(v9) -

* That Y is apolar to U/, is a special case of the easily proved theorem : the necessary and
sufficient condition in order that the product of a number of linear forms shall be apolar to a
quadric, is that each linear form shall be conjugate to every other with respect to the quadric.
It will appear later (330) that Y satisfies this condition.

1 The D which appears in ¢20 is here taken as unity for convenience.



478 ’ E. KASNER: THE INVARIANT THEORY [October

Denoting by f, g, h the covariants corresponding to ', G', H, we have, by

f=aa,, g=(ab)(aB)aba,B,,

h = {(ac)(aB)byy,. — (ab)(av)e\B,}*;
while Y, the Jacobian of U'FGH , becomes (§ 22)
Y= fn flz le fzz

9u 92 9a 9o
h h h h

12 21 22

Agphy = Mgby = Npy Ay
The contravariants are
o'=(r)er)
= — (ar)(ar)(ap)(ap)
¥ = — (ab)(aB)(ar)(br')(ap)(Br') »
x = {(a0)(aB)(br)(vp)—(ab)(av)(er)(Bp)} {(ac)(@B)(or')(ve)—(ab)(av)(er')(BP)}
Z = Jacobian (a'¢pry) .

Thus the equi-binary system of the cyclic, or the complete system of invariants,
contravariants and equi-ordinal covariants of the quadri-quadric

f= aﬁai )
consists of the forms :
1,J, K,
(23) f’ g’ ha Ya
¢, ‘l"a X Z, d.

Of these o’, since it does not depend upon f, may be called the identical contra-
variant.

§ 29. Non-symbolic values, and normal form of 3-,.—In expanded form f is
F="(ans] + 2a,mp, + aupi)M]
1) + 2 (ap] + 20,08, + app) ),
+ (@h] A 2apmp, + auppA;
If we take for the fundamental quadric,
(2) U=2z — 222,
the transformation formule may be written

3) Typ= Ny Ty=Nphyy Ty= My, T, = Ny,
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and the quadric corresf;onding to f is (§18)

F= EAikxc'xk )
where
(4) Au = Q> A12 = Qg5 A13 = Gy, Au =0y, Azz = Q>
Ay=ay, Ady=a, Adg=a,, d,=q,, A,=a,.

The concomitants 3, of f may then be obtained directly from the concomitants
of U’, F. The invariants are obtained by forming the discriminant of U’ + pF:

3]
8

Q

(5) 'D(P) = | All AIZ 'A'l3 A14 + P 01 alo all + P

A;l Azz A23 —P Au _ Ty Do Ay — P Cyy
y: Ay—p Ay 4, %y =P Ay o, Oy
A41 +p Au A43 A44 a,+pa, a5 Ay

=p+Ip*+Jp+ K.
The expansion gives

w— 2 — —
I= 2(“10“12 + TPy — au) (M Doy >

(6)

J=2 By Ty | K= Ty A Gy A
Ty Uy Oy Uy Gz Ay Gy
I Gy Oy Gy Oy
Oy O Gy Cy
Similarly, the covariants may be obtained from
0 Agfy — Aoty — Mty Myphy
Aty o Ay %y ay+p |
(M — Ny Gy @y Oy —P =pf—pg—h,
— Aty @y Ty —P Ay Gy
Aty Ay +P 0y @y @y -

and the contravariants from

0 7 r r

a2 T

1 12 22

(8) ™ % O % At P =pl’ + PP+ pY + X -
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It will suffice, for later applications, to write down the explicit values of the
covariants and contravariants only for a certain normal form which will now be
considered. The normal quaternary form of the cyclic is

{U,=Z?/§’

[A] 2
F =3By, (SBi=0).

This, by the substitution :
ey, =w +w, V2r=y +ey,

i~/§y2=w2+w3, s/§w2=y3+cy2,

9) _ _
V2=, — g, vV 2=y, — cy,,
) i‘/§y4= Ly — Xy ‘/§m4 =% — %Y,
becomes
B U =222, — 20,
- F = k(e + 22) + (0% + o) + 2oz + 2,
where
2k = /31_:84’ 181= m+k,
0= B—B, B=—m—1,
(10)

2m= BI+B43 B3=—m+l,

=_/82—/83’ ﬁ4=‘ ﬂl—k.
Finally, by (3),

[C] So=A2uE 4 N2+ dmh phop, + LEN] + KN

The general cyclic can be reduced to any of the normal forms [A], [B], [C];
each contains two essential constants-as it should, since the cyclic has 8 — 6 = 2
absolute invariants.

For the binary normal form [C], the system Y, is

I= — (404 2m%), J=2m#—B), K=m—F)(m—7r);
S=kApd + Aopd) + (ATeS + M) + 4mA\pup,,
— 2hm(A2u + A2u) — 2bm(AE + AZu?) + 2(K2 — BNy,
h = k(P — m®) (Mg + Mpg) + (R — m?) (g + Appsd)
— 2m(# + B — 2\,

(11)

Y=— 1‘/8(7\'1/”1 - >‘2 )O’ll‘z Xg”’f);
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o = 2y — 21y s
¢ = — k(r}, + r3,) — U(ri, + 73)) — 2m(ryyry, + i) »
V¥ = 2km(r}, + r},) — 2m(r}, + r3) — 208 + m2)rn7'22 +2(F + m®)rgy,
X = K& —m®) (3, + r3) + (K — m?) (1}, + 15)°

— 2m(P — m*yr

Z= - %‘/g(’%l —75) (M — T3)>

(11)

Py — 2m(k* — mE)rry,
where
VvV = 4kL{(K* + PP)* — 16m*} .

§30. The polars and the covariants.—If we apply the definition of § 20 to
the cyclic
f=aa,
we see that every point P = (£, 7) has five polars @), Q,, @, Q> @u>
whose expressions and geometric definitions follow.
The polar minimal lines,

L =apaia, =0, M =daa, =0 A
are the harmonies of £ (or 1) with respect to the A-lines (or u-lines) which corre-
spond to n (or £) in f. The polar circle
C'=aaaa, =0,

is generated by the following correspondence : to each u corresponds the harmonic
of £ with respect to that pair of \’s, to each of which corresponds in f a pair of
w's harmonic to 7 and u; and to each A, etc. The polar circle, then, cuts
each of the minimal lines through P in the harmonic of P with respect to the
intersections of the minimal line and the cyclic; and the conjugate point P, of

P with respect to f, which is defined as the intersection of I/ and M’, is the
inverse of P with respect to C". The polars,

Q@ = a"af\a“ y @n= aea)\ai )
are the loci of points whose polar u-lines and A-lines, respectively, pass through
P; their intersections give the five points whose conjugates coincide with P.
It is convenient in the discussion of the relation of the polars and covariants

to consider the cyclic in its quaternary normal form [A] §29. If the coordi-
nates of P are z,,

the coordinates of C’ are Bz,,
(]_) 13 13 73 O” [13 BszBmxi y
and ¢ 3 “ P 43 (2,3.17' — G)xz ,
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where C” is the «anti-polar” circle of P, i. e., the circle orthogonal to the polar
circles of all points on the minimal lines through P. The polar and anti-polar
circles of any point are orthogonal ; for
HC'C) = T8 BB B =0.
The invariants of P, C’, C”, P” are
I(PC)y=F, IPC)=H, I[CC)=G, [[C'C)=0,

(2)

I(C'P)=FG, I(C"C")=JH— KG, IPC")=— GH,

as may be proved by (8) § 27. From these we obtain the following interpreta-
tions.

The curve F = 0 is the given cyclic; its points are characterized by the fact
that the polar circle of each passes through it.

The curve G = 0 is the locus of a point whose polar circle with respect to
F is degenerate ; it is also the locus of the vertices of degenerate apolar circles.

Finally, the locus of a point whose anti-polar circle passes throughit,is H=0.

If P, C’, C” have a common point, then

0 F H =F(KG—JH)— GPH=10;
F G 0
H 0 JH—-KG

and if the polar and anti-polar circles are tangent,

T(KG—JH)=0.
The conjugate of the conjugate of P has the codrdinates :
[28,{ + FXIF + H) + 8FG*} + 4F*JF + I1G) + 4FG(IF + G) + G*]z,,

so that the locus of a point whose second conjugate lies on the same minimal
line is
2F*{4F(IF + H) + 8G*} =0.
Consider now the relations of ‘the polar circles of a point with respect to F,

G, H; these circles (§ 19) are to be found from the apolar forms of the covari-
ants as given in (5) §27. The codrdinates are as follows:

P: oz, C,: (B§+§)w,.,

4) 7
Co: Ba,, Oyt (Bkﬁ,ﬁm - ) ,.

Their invariants are
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I(PCp= F, I(CpC;)= _éF-H’ I(OFOH)=—%F’
6) I(C.Ce)=JF, f(ogo;)=KF_§G+§H,

From these we obtain the (1, 1) transvectants of the corresponding double
binary forms £, g, A [(1) §14]:

FPu=LCC) =g, (fu=—5F—hr (FBu=—0F"
©®)

J v J
GDu="A> (Gh),= Kf_zg—éh’ (hk)11=§7&—Kg;

and the substitution of these values in (2) §14 gives the reduction of ¥ as
follows :

Y= I J
g —Qf-"k _If S
I J I
—gf—* Jf Kf—19—5h g
J J I J
f g h 0

From §14 and the normal form (3) §27, we have :

The curve ¥ = 0 is the locus of a point which lies on the orthogonal circle
of its polar circles with respect to f, g and 4 ; this locus consists of four mu-
tually orthogonal circles, the « director ” circles of the cyclic. *

§ 81. The discriminants.—As defined in § 15, the discriminants are
D(N) = 3(f)n = 3(aB)'ad},
Do) = 3(/f)oa = (ab)'ai 5, 5
and for the normal form [C] § 29 they are

D(\) = — kM + (4m2 — I — D)\ — R,
1)
Dy(w) = — kip* + (4m* — k? — P)yu? — kl.

* The covariant curves cut f in the following points : ¢, in the 8 minimal points (413) ; 4,
in the 8 points where the polar circle is also the osculating circle (323) ; ¥, in the 16 points
where the osculating circle has 4-point contact (CLEBSCH, Crelle, vol. 63, p. 9, gives the space
theorem corresponding to the last result).

Trans. Am. Math. Soc. 32
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Calculating the invariants 7, j of these biquadratics and comparing with the
values of I, J, K in (11) § 29, we find

(2) 6i, = 6i,= I+ 12K, 86j, =36j,= — I*+ 361K — 6J7;
these are also the invariants of
D(p)=p*+ Ip*+ Jp + K,

where D(p) is equal to the characteristic determinant of the two quadries U,
F. This gives FROBENIUS’ generalization of CAYLEY’S theorem :*

The discriminants D, , D, and the characteristic biquadratic D, have equal in-
variants.

Equated to 0, D,(A) and D,(p) represent the four A-tangents and the four
p-tangents of the cyclic; Cayley’s theorem then states that these two sets of lines
have equal anharmonic ratios.

The minimal points of f, i. e., the points of contact of the minimal tangents
DA) =0, Dyu) =0, are cut out (§ 13) by the (1, 1) transvectant

([ hu=9= 0;
(99)11 =Jf;

therefore the minimal points of f are also the minimal points of g. The dis-
criminants of ¢ :

but from (6) §780,

El(x) = %(gg)zo ’ Ez(”’) = %(99)02’

have then the interpretation: E(\) = 0 represents the A-lines through the
points of contact of the u-tangents D,(u) = 0; and Ey(u) =0, the u-lines
through the points of contact of the A-tangents D(A) = 0.

The normal form [C] of E, is

(3) E(\) = 4k 4 {(F — 137 — 4m¥(B* + [D)}N? + 4klm?;

comparing this with D, and its Hessian H,, , we obtain the following for E, (and
similarly for E,):

21 21
“4) E = —3—D1—2H'Dl, E2=§D2—2HD2;
it follows that the quadruples of A-lines represented by D, and E, are not inde-
pendent, but connected by the fact that the sextic covariants of both represent

the same six lines.t

* CAYLEY’S theorem states the equality of the invariants of D,, D,; CAYLEY, Quarterly
Journal, vol. 11, p. 83-91 ; other proofs have been given by CAPELLI, ZEUTHEN, LEPAIGE ;
FROBENIUS’ generalization, Crelle’s Journal, vol. 106, p. 129, 1890.

t CLEBSCH, Bindre Formen, § 51.
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The application of the formule in CLEBSCH’s Bindre Formen § 41, gives
the concomitants of E as follows :

97 = 41% — 241 + 64,

27j = 81% — 12I% + 36 Ijj — T2 + 6%,
()
He= Y(4f — 2T+ 4I%)D, — 1(AI* — 2)E,
Sr= — J*S,

where S represents the sextic covariant of the corresponding biquadratic.

The A-tangents D (M) = 0 and the u-tangents D,(u) = 0 intersect in the sixteen
foci of the cyclics; and from Cayley’s theorem it is easy to show that these foci
lie by fours on the four director circles. The director circles of f are given by
Y = 0(§30), where Y is the Jacobianof U, F', G, H; the totality of cyclics,
therefore, which have the same director circles as f, is the net -

(6) tf+tg+th=0.
Included in this net is the system of cyclics confocal with f, .
™M f—rpg—phs

through each point of the plane there pass in general two orthogonal cyclics of
the confocal system, the exceptional points (for which the two fall together)
lying on the eight minimal tangents :*

P +4fh=0 or DA)Dy(u)=0.

§ 32. Contravariants.—The definition of polar and anti-polar circles given in
§ 30, may be extended so as to apply to a circle instead of to a point: the polar
circle C, of a circle C', with respect to a cyclic f, is the locus of points whose
polar circles are orthogonal to C'; the anti-polar circle C, of C'is the circle orthog-
onal to the polar circles of all the points of C. For the normal form the co-
ordinates of these circles are

‘(1) C: w, C: Bu, C: BBBu,

from which it can be shown that the polar circle of the anti-polar circle (as also
the anti-polar circle of the polar circle) coincides with the original circle. The
invariants of (1) are

@ [COY=Yw*= o, (0C)=3Bu=—¢, I(CC)=TBBBu=x,
)
[C0)= X8 =y — Is', [CC) =K, ICC)=Jx— K.

*See (6) ¢ 32.
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Therefore

o’ = 0 is the quadratic complex of degenerate circles ;
¢ = 0 is the quadratic complex of circles orthogonal to their polar

circles ;
Y — Io’ = 0 is the quadratic complex of circles whose polar circles are de-
generate ;
x = 0 is the quadratic complex of circles orthogonal to their anti-polar
circles.

Finally Z, being the Jacobian of o', ¢, Y, x, represents the circles belong-
ing to the linear system determined by their polars with respect to f, g, A; it
consists of the circles orthogonal to the directors circles.

The polar cireles of all the points of the plane form the complex Jy — Kyr,= 0,
while the anti-polar circles form 4 — Io' = 0.

Applying the first principle of § 16, the intersections of C'= r,p, and
f = ala® are given by

L=(f 02)02 = (ap) (ap)a3rir3s
M = (fC?),)= (ar) (ar)aip,p,. -

Therefore, the complex: of circles, which cut f in four points whose anharmonic
ratio on the circle is a, is given by *

@_@_24 1 —a+ a??

7 Jx T A+ a2 —a)(1 — 2a)"

In genéral the complex is therefore of the twelfth class ; but for the equianhar-
monic and harmonic cases, it reduces to

®3)

i;=0, Ji=0.

which are of the fourth and of the sixth classes respectively ; and for the coin-
cident case the complex decomposes into [(4) § 16]

D, =i — 62 = ®o”.

The tangential complex ® , expressed in terms of the fundamental contravari-
ants, is }

4) D = 430y — ¢°) B¢x — ¥°) — (95'x — ¢¥)*.

The osculating circles belong to both the complexes ¢, =0, j, = 0.

* In terms of the fundamental contravariants, this comeplx is (4¢?— 61072)% 4 Ao’ ’tb, where
A is a function of the anharmonic ratio ¢, and @ is defined by (4).
1 SALMON-FIEDLER, Raumgeometrie, 3d edition, vol. II, p. 345.
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Each contravariant (§ 16) yields a corresponding covariant—the locus of the
vertices of the degenerate circles contained in the complex ; thus, from ¢, -,
X, Z weobtain ¥, G, H, Y. Substituting these in (3), the corresponding
covariant is found to be

3FY G + 4FH);

but it is evident that a degenerate circle, whose centre is not on F', can be tan-
gent to F only when one of its minimal lines is tangent to F'; so that

) G*+4FH=10
represents the minimal tangents of F'. These tangents are also given by_

(5) D)D) = 0
in fact from the normal forms it can be shown that

(6) & + 4fh = — 4D,D,.

§ 88. Interpretations for the invariants.*—The application of formula (4) § 24
gives the following values of the (2, 2) transvectants :

(ff)zz = — 21, (fg)zz =3J, (fh)zz = 4K,

@) r
(99)p =1"— 4K, (gh)n= 5 » (Wh),=}J"—2IK.

From the conclusion of § 24 we have then:

If I=0, the complex ¢ contains an infinite number of quadruples mutually
conjugate with respect to f, and conversely if ¢ contains one such set (and there-
fore an infinity), I = 0; similarly J =0, K = 0 are the necessary and suffi-
cient conditions for ¢ containing quadruples mutually conjugate with respect to
g and h respectively.

Other interpretations are obtained from the consideration of the covariant
quadrics in space. If I = 0, the complex 4 contains quadruples of mutually
orthogonal circles. If J = 0, there exist self-polar point quadruples, i. e., sets of
four points possessing the property that the polar circle of each passes through
the other three; and  contains mutually orthogonal quadruples of circles. If
K = 0, the polar circles of all the points of the cyclic are orthogonal to a fixed
circle, which circle is one of the director circles ; on this director circle there exist
triples of points whose polar circles are mutually conjugate ; and  degenerates
into the linear complex (counted twice) of circles orthogonal to the special direc-
tor circle.

*See also § 37.
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§ 34. Complete binary system.—In § 28 a system of forms 3, of the quadri-
quadric
f= aia,?;. ’
was obtained, in terms of which any invariant, concomitant or equi-covariant
can be rationally and integrally expressed; if we wish to consider also co-
variants whose partial orders are unequal, we must add to this system the forms
of § 28 and the (1, 0) and (0, 1) transvectants,

Pr=(9M)ns Po=(f)us> Ps= (/D>

1

@ = (9> o= )e> T3= (P>

where (§ 13) 7, = 0 (p, = 0) represents the loci of points whose polar A-lines
(u-lines) with respect to g and % coincide; and p, = 0, 7, = 0 intersect in the
18 points which have the same conjugates with respect to either for g, ete. -
The completeness of the system thus obtained is proved by a combination of the
results already obtained, and a comparison with PEANO’S system of in- and co-
variants ; for this comparison it is convenient to express the forms as transvec-
tants.

From (1) §33 the invariants may be written

I'=—3(iNnr T=3(9n> K=1(fh)y-
The covariants are *
fo 9=(Nu == (9u + 1(Sf)yp-f> from (6)§30;
™= (9P my= Mo = (P>
Py = (9h)> Py = s Ps = (D> from (1);
D, = 3(fFw> Ei=399Dn Si= (DE)y»
D, = 3(f s Eo=13(99)n> S=(DyF)n,  from §31.
The contravariants (2) § 82 are
o= (00),, ¢=—(CC),, ¥=(CO),+ LCC),,
x = (CC),,, Z = Jacobian (¢'¢pyry) ;

J
01 = (fo)u? Cz = (ho)u + 4 ¢, C= APy +

where

The invariants and contravariants are complete by § 32, and the completeness
of the covariants is shown by their equivalence to PEANO’s covariants.tf The

*Y is omitted since it is expressible integrally through the other covariants.

t PEANO, Giornale di Matematiche, vol. 20, p. 97, 1882 ; contravariants are not consid-
ered. GORDAN, Mathematische Annalen, vol. 23, p. 388, 1889, gives a complete system
of 38 invariants and covariants ; but this is reducible to PEANO’S 18 forms and therefore also
to the forms in the text.
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complete binary system consists then of the twenty-three forms :
I, J, K; f, g, h;

. .

20 T

19 39 Py Py P35
‘D]’ El’ Sl’ Dz, Ez’ 823
a, ¢, ‘l’" X s Z .

§35. Equivalence and classification of the cyclics.—The character of the cyclic :

(),

@) F=42=0, U=p'=0,

or

depends essentially upon the determinant :

(3) D(p) = |4y + PPutl »

or, by (5) §29,

4) D(p) = | ay, Uy Ay ty + P
Uy ) ay—pP &
) Ay —P Gy Ay
ay +p Gy Ay gy

Applying WEIERSTRASS’S theory of quadratic forms * we have:

Two cyclics are equivalent T when and only when their characteristic determinants
have proportional elementary divisors.

This condition may be decomposed into a qualitative and quantitative: 1°
similarity of the characteristic determinants, i. e., the elementary divisors of
both characteristic determinants occur to the same degrees ; 2° equality of ab-
solute invariants, i. e., the roots of the characteristic biquadratic

6) - D)y=p'+1Ip"+Jp+ K= (p— B)p— Blp — B)lp — B)
of both characteristic determinants are proportional.

If we call two cyclics of the same ¢ species ” when they satisfy the condition
1°, we have in all thirteen species; these, as defined by the symbol } of the char-

* WEIERSTRASS, Berliner Monatsberichte, 1868.

t Since every cyclic can be transformed into itself by both proper and improper circular trans-
formations (in general four of each kind), equivalence in the group G and equivalence in the
group G are (for cyclics) identical. Therefore the theorem above applies to both groups.

1 The notation is that introduced by WEITER in his classification of the quadratic line-com-
plexes, Mathematische Annalen, vol. 7;Ib or [(11)11], for example, signifies that the
characteristic determinant has two simple and one double factor, the latter also appearing as a
simple factor in all the first minors. The case [(1111)] is omitted as trivial since it can occur
only when f=0. )
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acteristic determinant, are given in the following table :

a b c d
1| [1111] | [(11)11] | [(AL)(11)] [(111)1]‘

II| [211] | [(2D1] |. [2(11)] [(21D)]

(6) I [81] | [(81)]
IV| [22] | [(22)]
Vi (4]

In order to study the geometric peculiarities of the different species, it is
sufficient to consider them in their normal forms. The quaternary normal forms
for a pair of quadrics can be obtained by Weierstrass’ methods ; * reducing the
results to apolar form we obtain the quaternary normal forms of the cyclic as
follows :

I {U’:wf+w§+w§+wi,
F =Bt + By, + Bl + B BBt Bt B=0);
- {U’=mf+wi—2wzw3,
F =Bl + Bl — 2Bxx, + o (2854 B+ B, =0) 5
- iU’:wf+wi—2wa3, )
F = B} + Byw; — 2w,x,) + 2(v 22, (38, + B =0) ;
v { U = 2w, — 20m,,
F = 2Bww, — 2Bpm, + 0y — o} (28, + 28,=0) ;
v { U = 20, — 2w,
F = 2B (xx, — xpx,) + 22 + 2z, (48,=0).

These are the normal forms for I¢, Ila, Illa, IVa, Va, the remaining species
being obtained from these by equating the proper S’s.

Applying now the method of §29, we obtain the following normal forms of
the thirteen species of quadri-quadrics :

Ia, EpE + A2pd) + U35 + Mul) + dmd N up, 5
1o, INK? + AMpd) — dma )\, 5

Ie, AN g, 5

Id, ABG + Agul — 2N Mmpy

* Without the use of Weierstrass’ general formule, corresponding normal forms are obtained in
CLEBSCH-LINDEMANN, Geometrie, vol. II, p. 202 ff.; for conics compare GUNDELFINGER,
Kegelschnitte, §16.
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Ila, EOCp? + Npl) + Mul + dmApp, 5

115, Al — 2m(A e — Myp,) 5

Ilc, A2ul + dmA N, 5

IId, Al
I1la, EOpE + Aopl + 2A N um,) + 20 0 (A — Ayy)
I1Io, 2N (M — Aghty)
IVa, A2u? 4 AmA N, — N2pl s
Vs, N — )3

Va, Apl + 2A0u .

From these normal forms a large number of results may be derived, some of
which are given in the following table :

D)  Di(A)  Dy(w)

To | [1111] | §1111% | §1111% | {1111} | O general C,
Is | [(11)11] {211} 122} {221 | 2 C.C,
Ie | [(A1)(AD)] {221 {224 {224 4 010010001001
Id | [(111)1] | {31} | iden.* | iden.* | 5 cx
Ila | [211] fe11} | o113 | fe11y |1 nodal C,
IIs | [(21)1] {31} {41 4 |3 C,, tangent C,,
e | [2(D)] | $22% | f22} | 224 |3 0, CyOn
I1d [(211)] {4} iden* | iden.* | 6 L0y
I1a [381] | {313} {31} {31} | 2 cuspidal C,,
II1b [1)] {4} {4} {4} 4 | C,C, intersecting on C,
IVa [22] 221 | fo11} | f221 |2 C,C,
Vs [(22)] {41 {4} iden.* | 5 4G, Cy
Va [4] {4} {31} §4¢ 3 C,, tangent C,,

The first column gives the species ; the second, the symbol or ¢character ” of
the characteristic determinant ; the next three, the characters of the biquadratics
D, D,, D,; the sixth, the degree of speciality, or the number of conditions
necessary in order that a cyclic may belong to the corresponding species ; and
the last, a description of the form of the curve. For example, consider the
species 16 or [(11)11] : the curve consists of two non-degenerate non-tangent
circles ; the characteristic biquadratic D(p) has a double root; each of the dis-
criminants has two double roots; and the species is doubly special. Some
conclusions which can be drawn from this table will now be given.

* This means that the corresponding biquadratic vanishes identically.



492 E. KASNER: THE INVARIANT THEORY [October

The species which represent a pair of circles (proper or degenerate) are Ib,
Ie, Id, 116, I1c, I1d, 1116, IVD; for these (and for no others), both D, and
D, are perfect squares. Therefore

The necessary and sufficient condition that f= 0 shall represent a pair of
circles, is that both discriminants shall be perfect squares.

In terms of the fundamental concomitants the conditions may be expressed thus :

8iE, + (6] — 2iI)D, = 0,
3iE, + (6j — 2I)D, = 0.

In § 81, it was shown that the three biquadratics D(p), D,(A), D,(x), have
equal invariants ¢, j; it does not follow from this that they are equivalent, but
it does follow that if their « character ” is the same (i. e., if the same equalities
hold among their roots), they will be necessarily equivalent. The table then
gives the following relations between D, D, , D,:*

If the cyclic is irreducible, all three biquadrics are equivalent ; in all cases
two of the three are equivalent. The necessary and sufficient condition for the
equivalence of the discriminants D, , D, is the presence of a linear elementary
divisor in the characteristic determinant of f. Translated into geometrical
terms, this reads : except when the cyclic degenerates into either a minimal line and
« C, or Cy,, or into a double minimal line of one system and a pair of minimal
lines of the other system—the two pencils of minimal tangents are homographic.

For the different species, the following relations exist among the invariants :

I, 54 0;
I, I, 5= 0;

M, I, Id, i=0,j=0;

Va, T, I, J=0, 4K —I' = 0;
Vo, 105, IVH, IId, I=0,J=0, K=0.

Therefore 8 = i# — 6> = 0 is the condition for a node (this may also be ob-
tained from (2) § 16, since for the cyclic there are no P, € invariants); and
i =0, j = 0 are the conditions for a cusp.}

* Cf. FroBENIUS, Crelle, vol. 106, pp. 125-188, 1890. The problem of finding the forms
when the discriminants are assigned is there studied ; geometrically, this is equivalent to finding
the system of cyclics with assigned foci.

t The explicit values of ¢, j have been calculated by CAYLEY, Two Invariants of the Quadro-
quadric, 1893, Works, vol. XIII. Cf. Porism of the in- and circumscribed polygon, 1870, vol. VIII.
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CHAPTER VI.
DouBLE TERNARY AND OTHER METHODS.

§ 86. Double ternary method.—In § 10 a minimal line of the plane, or a gen-
erator of the fundamental quadric, was defined by a parameter A, or a binary
set A, : A, ; these codrdinates will now be replaced by ternary homogeneous co-
ordinates connected by a quadratic identity. One method of introducing these
is to establish a (1, 1) correspondence between the pencil of lines considered
and the points of a conic: the trilinear coordinates rr,r, of the points may
then be taken as the codrdinates of the corresponding lines. Again, by the use
of line coordinates, the ’s may be defined as follows : let the equations, in line
coordinates, of three fixed generators of the first system (or more generally of
three fixed linear line-complexes, each of which includes all the generators of
the second system) be /' =0, I"= 0, {”= 0; the equation of any other gen-
erator of the first system is then of the form

(1) 7'1l/ + Tzl// + '7'3l”, =0 ;

these parameters », may then be called the ternary codrdinates of the line. The
quadratic identity (obtained by expressing the fact that (1) is a special linear
complex) is

R = (1) + 03 4+ (U002 4 2000 ey + 200 yryry + 2(07"0)ryr, = 0,

where ([1"), for example, is the simultaneous invariant of /' and ”.

If we introduce ternary coordinates for each pencil of minimal lines or gen-
erators in either of these ways, a point may be defined by the six codrdinates of
the two minimal lines passing through it,

(2) . Py ITy, 818,18,
connected by two quadratic identities

®) R=0, S=0.

The group G/, then consists of those linear transformations of the »’s and s’s,
which preserve the identities (3). See §10.

A curve whose partial orders are 2m, 2n (so that the corresponding binary
form is a}"al") is represented in the present codrdinates by an equation of the

form :
m n

— (rm— e,
4) S sy 55 85 8, 8)=0.
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From (3) the same curve is represented by
(5) f + MR+ NS=0,

where M, N are any double ternary forms of orders (m — 2, n) and (m, n — 2),
respectively ; this lack of correspondence between the curves and the forms may
be removed, as in §3, by the introduction of apolarity :

Of the system of forms f' + MR + NS, one and only one, (f), is identically
apolar to R and S.

Combining this result with that obtained above for G/, we have:

The inversion theory of a curve Cy, ,, is equivalent to the study of the forms :

(6) f=08;, R=p;, S=gq,

where f is identically apolar to R and S, and the ternary variables r, s undergo
independent lineur transformations.

If » and s are considered as homogeneous point coordinates in distinet planes,
R = 0 represents a conic in the first plane, S = 0 a conic in the second plane,
and (4) a reciprocity of orders (m, n) between the two planes; i. e., to each
point » of the first plane corresponds, by means of ' =0, a curve K _of order
n in the second plane, and to each point s of the second plane, a curve K, of
order m in the first plane. Between the points of the two conics, the reciproc-
ity f" =0, establishes a (2m, 2n) correspondence as follows : to each point of
the conic R corresponds, on the conic S, the 2n points cut out by the curve
K, etc. The same correspondence being established by all the forms (4), the
theorems above may be restated thus:

Of all the reciprocities (m , n) which establish the same (2m , 2n) correspondence
betieen the points of two conics R, S, one and only one possesses the property
that all the curves K are apolar to S, and all the curves K apolar to R.

The inversion geometry of a Gy, o, has for an equivalent the study of the reci-
procity (m, n) between two planes, in connection with a conic in each plane—the
reciprocity being apolar to each of the conics, and the planes undergoing inde-
pendent projective transformations.

§ 37. Application to the cyclic—The above method is limited to the case
where the partial orders of the curve are even, so that the simplest application
is to the cyclics. The forms (6) § 86 are in this case

(1) f= Zbikrisk = br’Bs’ R = Pf y S= 93 ’

and no reduction to apolar form is necessary. The last theorem of the preced-
ing article takes the form:

The theory of a correlation between two planes, with reference to two fundamen-
tal conics in those planes, gives a representation of the inversion geometry of the cyclic.
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Let u,, v; denote line codrdinates in the two planes, and B, the minor of b,
in |b,|; then the correlation

f= Zbikrigk =0

may also be written in any of the forms:
(2) U, = kzbiksk y U= kzbkirk y § = LZBkiuk y = Zk:Bikvk ’

and the two points of §, which correspond to a point » on R, are cut out by
the line v given by the second of these representations.

The correlation transforms R into another conic S’, and § into R, so that
in each plane we have a pair of conics by whose aid the fundamental points of
the (2, 2) correspondence are determined as follows :

The “ branch points” of R (i. e., the points for which the corresponding s points
coincide) are L, L,L,L, , the intersections of R and R ; and similarly the branch
points M M,M .M, of S are the intersections of S and S’. The ¢ double points”
of R (i. e., the points corresponding to the branch points of S), L, L,L;L;, are
the points of contact on R of the tangents common to R and R’ ; the double points
of 8, MM, M M, are obtained similarly from the tangents common to S and S’.

The four sets of points thus obtained represent the biquadratics D,, D,, E,, E,
of § 81 ; and the above construction furnishes a simple synthetic proof of Cay-
LEY’S theorem (§ 81): the pair of conics S’, S being correlative to both R, R’
and S, S’, it follows that the pairs R, R’ and S, 8’ are homographic, and
therefore the homologous sets of points L L,L,L,, M, M,M,M, (representing the
discriminants D D,) have equal anharmonic ratios on the conics R and S.

The ternary forms of the concomitants of the cyclic are most conveniently
obtained from a normal form of the system (1). The binary normal form

[C] §28,is
(3) f= k(k'?/"’f + )"3/‘3) + l()\f,u; + Xgnf) + 4m7\1x2f”1/“'2 .
Putting
r=N, r,=2\N, ry =N 8 = pl, 8, 2uu,, s, = u;
so that the identities are
R=r}?—4rr, =0, S=s?—4ss,,
equation (3) becomes
J=k(ris; + vys;) + Ursy + risy) + mrs; s
and substituting

’
>

. . . .
ir, =r +iry, r,=r,, 2ir,=r —ir, ete,
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we have the required ternary normal form :
S =0br8 + byrss, + byrgs, s

[D] R 2 2 2 S 2 2 2
=71+ 7, + 75, =8 + 8; + 85,

where

(3) %, =—k—1, by=m, 2b,=k—1.

From the concomitants of [C'] given in §§28, 31, and the transformation
formulse above, the concomitants of [D] are found to be

I= 230, J=—8bbp, K=3bt—2X b
(or instead of K we may consider K' = I? — 4K = 16)_b%?) ;
f=22brs, 9g=—22bbrs, h=2b(bi—b—b)rs;;
D= St Ei= 4XH0, S = (5 — B (5 — B) (5 — By
D,= Y b%?, ete.

The conics B, R, S, S’ are covariants of [ D]; their concomitants are therefore
also concomitants of [D], and expressible in terms of those just written. It is
sufficient to consider one pair :

@) R=3w, R=Yb.
The invariants of these conics are
A=1, =102, 6 =>0%, A =002
and the covariants are
R, R, R'=)0bb%, R"=(b*—b2)b:—0b2)b:—bd)rryr,.
The expressions in terms of the fundamental forms are then,
6) 6=—11, O=3K, N=JJ?, R=D, R'=1E, R"=S.

From these relations we may obtain interpretations for the invariants of the
cyclic of a different character from those given in §33.

If 7=0, then 6 =0 from (5), i. e., R’ is harmonically circumscribed as to
R ; combining this with the construction of the double points given above,
and LINDEMANN’S interpretation of the Hessian, we see that

I = 0 is the condition that the double points shall form the Hessian quadruple
of the branch points.

* SALMON-FIEDLER, Kegelschnitte, Chapter 19.
+ LINDEMANN, Bulletin Société Mathématique de France, vol. 5 p.119, 1876.
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Similarly, since ' = 0 if A" =0, it follows that

K’ = 0 is the condition that the branch points shall form the Hessian quadruple
of the double points.

Finally A = 0 if J= 0, so that the conic /2’ degenerates into a pair of lines,
and the conics /2, R’ have only two common tangents, and therefore

If J' =0, the four double points reduce to two; and the pairs of points on
R which correspond to the points of 8, form an involution of which the two double
points are the foci.

§ 88. A series of ewtensions.—An important advance in the theory of binary
forms is marked by the appearance in 1866 of HEessg’s ¢« Uebertragunsprineip.” *
This principle, together with the notion of apolarity, has been the source of a
series of methods whose best presentation in invariant form has probably been
given by FrRANz MEYER in his book, Apolaritit und rationale Curven (1883).+
The basis of these methods may be stated: the theory of binary forms, or point
groups on a line, is (roughly) equivalent to the projective theory of surfaces (i. e.,
k — 1 dimensional manifolds) in a space P, of k' dimensions, with reference to a
fundamental rational curve IV, of the kth order to which the surfaces are all
apolar. (The possession of an apolar NNV, of course in general specializes the
surfaces considered.)

The partial extension of this principle to double binary forms or the inversion
geometry of curves, which was given in § 36, may be generalized thus:

The geometry of a C, , where m = hm', n = kn', has for an equivalent the
theory of an (m', n') reciprocity,

» m’ n o __
(ayr, + agry + o+ + Gy )™ (@8 + a8, + -+ a,18,,,)" =0,

between two spaces, P, , P, , with reference to fundamental curves N, , N, in those
spaces—the reciprocity being identically apolar to each of the curves.

This principle gives as many methods of treating a C,, , as there are divisors
hykof m, n. Two choices which are always possible are 1°, h =1,k =1;
2°,h=m, k=n. Inl°thespaces P,, P, are one-dimensional, and the curves
N,, N, need not be considered, since they coincide with the spaces; the above
principle reduces them to a statement of the double binary method, the equiv-
alent of the geometry of a C, , being the theory of the double binary form
ara’. In2°,m =1, n =1, the reciprocity is bilinear, and the condition of
apolarity is superfluous: the principle then gives as a representation of the geom-

*Crelle, 1866.

T Also in four memoirs, Mathematiche Annalen, vol. 21, 1883, especially, Ein neues
Uebertragunsprincip fiir bindre Formen deren Ordnungszahl ein nicht prime ist. Cf. LINDEMANN,
Ueber die Darstellung bindrer Formen und ihrer Covarienten durch geometrishe Gebilde im Raume,
Mathematische Annalen, vol. 23, pp. 111-142, 1884.
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etry of a C, ,, the projective theory of a linear reciprocity between spaces of
dimensionalities h, k, with reference to fixed rational curves of orders A, £ in
those spaces.

The characteristic feature of the methods obtained in this chapter (including
as a special case the double binary) is that they are concerned with two distinct
spaces or with double forms, thus differing essentially from the quaternary
method. The connections between the double binary and quaternary methods,
which were considered in chapter IV, admit of generalization to double ternary
and higher methods; and the same is true of most of the results in chapter I.

CoLUMBIA UNIVERSITY.




